Study of stratified overflows and underflows by Maxwell, W. Hall C. et al.
WRC RESEARCH REPORT NO. 98 
S T U D Y  O F  S T R A T I F I E D  O V E R F L O W S  
A N D  U N D E R F L O W S  
W. H a l l  C. Maxwell 
A s s o c i a t e  P r o f e s s o r  of C i v i l  Eng ineer ing  
Edward R. Hol ley  \ 
P r o f e s s o r  of C i v i l  Eng ineer ing  
Chi-Yu L i n  
Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
and 
Sahim T e k e l i  
Research A s s i s t a n t  i n  C i v i l  Eng ineer ing  
U n i v e r s i t y  of I l l i n o i s  a t  Urbana-Champaign 
F I N A L  R E P O R T  
P r o j e c t  No. B-071-ILL 
. . 
J u l y  1, 1972 - December 31,  1974 
The work upon which t h i s  p u b l i c a t i o n  i s  based  was s u p p o r t e d  by 
funds  p rov ided  by t h e  U.S. Department of t h e  I n t e r i o r  as 
a u t h o r i z e d  under  t h e  Water Resources Research Act of 1974, 
P.L. 88-379 
Agreement No. 14-31-0001-3880 
UNIVERSITY OF ILLINOIS 
WATER RESOURCES'CENTER 
2535 C.  E. Hydrosystems Lab. 
Urbana, I l l i n o i s  61801 
February 1975 
ABSTRACT 
STUDY OF STRATIFIED OVERFLOWS AND UNDERFLOWS 
The s tudy  p re sen t s  a gene ra l  a n a l y s i s  of two-layered s t r a t i f i e d  flows 
t ak ing  i n t o  account e f f e c t s  of s idewa l l  f r i c t i o n  and v a r i a t i o n  of 
d e n s i t y  wi th  h o r i z o n t a l  d i s t ance .  The a n a l y s i s  i s  appl ied  t o  t h e  s tudy  
of a r r e s t e d  thermal wedges and a r r e s t e d  cold water  i n t r u s i o n s .  
Laboratory d a t a  were c o l l e c t e d  and analyzed and i t  was determined t h a t  
bed roughness has  a s i g n i f i c a n t  e f f e c t  on the  i n t e r f a c i a l  f r i c t i o n  
f a c t o r  f o r  a r r e s t e d  thermal wedges bu t  no t  f o r  a r r e s t e d  cold water  
i n t r u s i o n s .  F r i c t i o n  f a c t o r s  were found t o  vary s i g n i f i c a n t l y  along 
t h e  wedges i n d i c a t i n g  t h a t  use of average va lues  is  perhaps undes i rab le .  
Local  va lues  of f r i c t i o n  f a c t o r  were found t o  i nc rease  wi th  va lues  of 
a l o c a l  i n t e r f a c i a l  Reynolds number. 
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NOTATION 
The fol lowing symbols a r e  used i n  t h i s  r e p o r t :  
1 = s u b s c r i p t  r e f e r r i n g  t o  upper l a y e r  
2  = s u b s c r i p t  r e f e r r i n g  t o  lower l a y e r  
b  = s u b s c r i p t  r e f e r r i n g  t o  bed 
B = channel width 
c = cons tan t  
c  = r e s i s t a n c e  c o e f f i c i e n t  = f / 4  f  
f  = f r i c t i o n  f a c t o r  
F  = Froude number, s e e  Eq. 37 and Eq. 40 
FA = dens imet r ic  Froude number, s e e  Eq. 3 ,  Eq. 42 and Eq. 43 
g = a c c e l e r a t i o n  of g r a v i t y  
h  = depth of l a y e r  
H = depth of channel 
i = s u b s c r i p t  r e f e r r i n g  t o  i n t e r f a c e  
j = s u b s c r i p t  r e f e r r i n g  t o  moving l a y e r  
k = equ iva l en t  sand g r a i n  roughness diameter 
L = l eng th  of a r r e s t e d  wedge 
m = s u b s c r i p t  r e f e r r i n g  t o  maximum 
p  = pres su re  
Q = discharge  
r = dimensionless l o n g i t u d i n a l  d i s t a n c e  = x/H 
R = h y d r a u l i c  r ad ius  
Re = Reynolds number, s e e  Eq. 2 and Eq. 57 
R i  = Richardson number, s e e  Eq. 1 
S = energy s lope  
t = time 
T = temperature 
u = component of velocity in x-direction 
- 
u = velocity defined by Eq. 15 
s 
- 
u2 = quantity defined by Eq. 19 
S 
U = average velocity in channel 
v = component of velocity in y-direction 
w = component of velocity in z-direction and subscript referring 
to sidewall 
x = co-ordinate in stream direction (see Fig. 2) 
y = co-ordinate in vertical direction 
z = co-ordinate in lateral direction 
a = quantity defined by Eq. 14 
f3 = quantity defined by Eq. 18 
- - 
AP = P2 - P1 
n = dimensionless depth of lower layer = h q / ~  
v = kinematic viscosity of fluid 
p = fluid density 
a' = deviatoric normal stress in x-direction 
X 
T = shear stress 
4 = function 
bars denote vertical averages. 
I. INTRODUCTION 
I n  t he  f i e l d  of water  resources  problems s e v e r a l  t ypes  of 
s i t u a t i o n s  which involves  flows wi th  d e n s i t y  d i f f e r e n c e s  may e x i s t .  Such 
d e n s i t y  d i f f e r e n c e s  may r e s u l t ,  f o r  example, (1) due t o  temperature  
d i f f e r e n c e s  a s soc i a t ed  w i th  n a t u r a l  causes  o r  wi th  t h e  d i scharge  of hea ted  
cool ing  water  from a  power p l a n t  i n t o  a  l a k e  o r  s t ream;  (2) due t o  
s a l i n i t y  d i f f e r e n c e s  when r i v e r  water  i s  discharged i n t o  t h e  ocean; o r  
( 3 )  when an a c c i d e n t a l  o i l  s p i l l  r e s u l t s  i n  a  l a y e r  of o i l  over ly ing  a  
body of water .  General ly  t he  v e r t i c a l  d e n s i t y  g r a d i e n t s  a r e  l a r g e r  than  
those  i n  t he  h o r i z o n t a l  d i r e c t i o n .  However, t h i s  may not  b e  t r u e  i n  t h e  . 
reg ion  where one of t he  f l u i d  l a y e r s  te rmina tes .  
A s i g n i f i c a n t  p a r t  of t he  problem of analyzing flows wi th  
d e n s i t y  d i f f e r e n c e s  is t h e  a n a l y s i s  and t rea tment  of t h e  v e r t i c a l  
momentum t r a n s f e r .  For t u r b u l e n t  f lows ,  two gene ra l  types  of approach 
may be found i n  t he  l i t e r a t u r e .  
One approach is t o  use a  two-dimensional ( h o r i z o n t a l  and v e r t i c a l )  
a n a l y s i s  and an eddy v i s c o s i t y .  The problem then  becomes one of p r e d i c t i n g  
t h e  eddy v i s c o s i t y  f o r  a p re sc r ibed  s e t  of c i rcumstances.  Frequent ly  t h e  
eddy v i s c o s i t y  has  been c o r r e l a t e d  w i th  t h e  Richardson number (Ri)  which 
may be de f ined  a s  
i n  which g  = a c c e l e r a t i o n  of g r a v i t y ;  p = d e n s i t y ;  u  = component of t h e  
v e l o c i t y  i n  t h e  h o r i z o n t a l  (x)  d i r e c t i o n ;  and y  is t h e  v e r t i c a l  co-ordinate  
* 
d i r e c t i o n .  Nelson (24) has  reviewed s e v e r a l  l i t e r a t u r e  sou rces  which 
*Numerals i n  paren theses  r e f e r  t o  corresponding i t e m s  i n  L i s t  of References.  
presented  empir ica l  determinat ions of t h e  eddy v i s c o s i t y  i n  flows with 
d e n s i t y  d i f f e r ences .  The d a t a  genera l ly  i n d i c a t e s  a  decrease i n  eddy 
v i s c o s i t y  with inc reas ing  s t a b i l i t y  ( i nc reas ing  Ri ) .  However, t he  
s c a t t e r  of t he  d a t a  i s  so  g r e a t  t h a t  Nelson concludes t h a t  almost no 
d i r e c t  c o r r e l a t i o n  can be deduced between the  s t a b i l i t y  a s  def ined  by a  
Richardson number and any t r a n s f e r  c o e f f i c i e n t .  Presuming, however, 
t h e  a v a i l a b i l i t y  of an adequate c o r r e l a t i o n , t h i s  approach permits  a  
f u l l y  two-dimensional ana lys i s  t o  be made. A s  a  r e s u l t  information may 
be obtained about t h e  d i s t r i b u t i o n  of u ,  v  ( t h e  component of v e l o c i t y  
i n  t h e  v e r t i c a l  d i r e c t i o n )  and p with  both  x  and y. The requi red  
numerical computation and d i f f i c u l t y  a r e ,  of course,  commensurate with 
t h e  two-dimensional ana lys i s .  
Another approach which may be appl ied  i n  some s i t u a t i o n s  is  
t o  schematize t h e  flow a s  a  system of d i s t i n c t  l a y e r s ,  u sua l ly  two i n  
number f o r  s imp l i c i ty .  For example, t h e  ana lys i s  of a  two-layer system 
i s  presented by Sch i j f  and Sch5nfield (29). There is a  computational 
advantage i n  t h a t  each l a y e r  is usua l ly  t r e a t e d  a s  a  one-dimensional 
flow. It then becomes necessary t o  know t h e  i n t e r f a c i a l  shear  s t r e s s  
( T . )  o r  i n t e r f a c i a l  f r i c t i o n  f a c t o r  ( f . )  i n  order  t o  r ep re sen t  t h e  
1 1 
momentum t r a n s f e r  between l aye r .  Sjoberg (33) ,  Hikkawa (12) ,  Sherenkov 
e t  a1  (30) ,  Vreugdenhil (36) ( see  Appendix 11) and Harleman and 
Stolzenbach (10) have presented i n t e r f a c i a l  f r i c t i o n  f a c t o r s  from s e v e r a l  
sources.  Again t h e  s c a t t e r  was l a r g e  and no gene ra l ly  c o n s i s t e n t  
c o r r e l a t i o n  was found. It has  gene ra l ly  been assumed t h a t  f  should be  i 
r e l a t e d  t o  t h e  Reynolds number (Re) and the  dens imet r ic  Froude number 
(FA) with  
and 
i n  which u  = a  c h a r a c t e r i s t i c  v e l o c i t y  d i f f e r e n c e  between l a y e r s ,  h  = a  
c h a r a c t e r i s t i c  v e r t i c a l  l eng th ,  Ap = t h e  d e n s i t y  d i f f e r e n c e  between t h e  
f l u i d  l a y e r s ,  and v = t h e  kinematic  v i s c o s i t y .  
D i f f i c u l t i e s  a r i s e  i n  t h i s  type of a n a l y s i s  i n  de f in ing  t h e  
i n t e r f a c e  p o s i t i o n  and i n  de f in ing  the  c h a r a c t e r i s t i c  v e l o c i t y ,  l ength ,  
d e n s i t y  d i f f e r e n c e ,  e t c .  i n  Re and F  For mi sc ib l e  f l u i d s ,  where one A ' 
l a y e r  i s  moving r e l a t i v e  t o  t h e  o the r  wi th  v e l o c i t y  uYqexpe r imen t s  by 
Keulegan (17) and Rumer (28) i n d i c a t e  t h a t  a  d i s t i n c t  i n t e r f a c e  w i l l  
e x i s t  even f o r  t u rbu len t  flow provided 
2  Re FA = u3/($ g  v) < 200 (approx.) ( 4 )  
Sherenkov e t  a 1  (30) found t h a t  a s  Re F2 inc reases  t he  i n t e r f a c e  becomes A 
more d i f f u s e .  I n  f a c t  they  i n d i c a t e  t h a t  f o r  Re F2 > 1650 t h e r e  is  A 
"waveless mixing and t r a n s i t i o n  t o  a  developed tu rbu len t  flow wi th  
n e u t r a l  s t r a t i f i c a t i o n . "  They p re sen t  d a t a ,  however, r ep re sen t ing  a  
r e l a t i o n s h i p  between t h e  dimensionless i n t e r f a c i a l  shear  v e l o c i t y  and 
2  Re FA up t o  Re F2 = 2 x  lo5 .  There is  undoubtedly some l i m i t  beyond A 
which i t  is  unreasonable t o  schematize t h e  system by two l a y e r s ,  b u t  t h e  
l i m i t  has  apparent ly  no t  been defined.  One might s e t  t h e  l i m i t  a s  
2  Re FA = 200 i . e .  a  phys i ca l ly  d i s t i n c t  i n t e r f a c e .  However, t h i s  i s  
probably more r e s t r i c t i v e  than i s  needed f o r  some engineer ing  a p p l i c a t i o n s .  
Due t o  t h e  a s soc i a t ed  computational advantages,  i t  would seem reasonable 
t o  assume a  layered  s i t u a t i o n  f o r  some cases  where t h e  i n t e r f a c e  i s  
d i f  f  hse t o  some degree. 
I f  a l a y e r e d  system i s  assumed, t h e r e  a r e  a number of p o s s i b l e  
d e f i n i t i o n s  o f  t h e  i n t e r f a c e  p o s i t i o n .  These i n c l u d e ,  f o r  example, t h e  
p o s i t i o n  a t  which t h e  d e n s i t y  is  e q u a l  t o  t h e  average  v a l u e  f o r  t h e  two 
l a y e r s  ( 1 9 ) ,  t h e  p o s i t i o n  a t  which t h e  t empera tu re  g r a d i e n t  i s  a max- 
imum ( 2 2 ) ,  t h e  middle  o f  t h e  d i f f u s i o n  zone ( 3 ) ,  o r  t h e  p o s i t i o n  which 
y i e l d s  z e r o  average  v e l o c i t y  i n  an  a r r e s t e d  l a y e r  (26) .  S i n c e  v e l o c i t i e s  
involved a r e  g e n e r a l l y  q u i t e  s m a l l ,  ( p a r t i c u l a r l y  i n  l a b o r a t o r y  s t u d i e s ) ,  
and t h e r e f o r e  d i f f i c u l t  t o  measure, d e f i n i t i o n s  based on t empera tu re  ( o r  
d e n s i t y ) ,  which is  much more r e a d i l y  measured,  and more common i n  t h e  
l i t e r a t u r e .  
Most a n a l y s e s  of exper imenta l  d a t a  have a p p a r e n t l y  assumed 
t h a t  t h e  en t ra inment  ( a d v e c t i v e  t r a n s p o r t )  a c r o s s  t h e  d e f i n e d  i n t e r f a c e  
was ze ro .  Th is  i m p l i e s  t h a t  t h e  d i s c h a r g e  i n  each l a y e r  remains c o n s t a n t .  
While any en t ra inment  v e l o c i t y  i s  no doubt s m a l l  compared t o  t h e  v e l o c i t y  
of t h e  primary f low i t  is  conce ivab le  t h a t ,  i n  many s i t u a t i o n s ,  a s m a l l  
v e l o c i t y  i n t e g r a t e d  over  a long  i n t e r f a c e  could  r e p r e s e n t  a change i n  
d i s c h a r g e  which would be  a s i g n i f i c a n t  f r a c t i o n  of t h e  pr imary flow. 
There  is ev idence  t h a t  en t ra inment  i s  a l s o  r e l a t e d  g e n e r a l l y  t o  t h e  
2  q u a n t i t y  Re FA (35) .  
Attempts t o  combine d a t a  from s e v e r a l  s o u r c e s  f o r  e i t h e r  t h e  
eddy v i s c o s i t y  (24) o r  t h e  i n t e r f a c i a l  f r i c t i o n  f a c t o r  (10) (36) (30) (12)  
have r e v e a l e d  v e r y  l i t t l e  cons i s tency .  The fo l lowing  o b s e r v a t i o n s  may 
have some b e a r i n g  on t h i s  s c a t t e r i n g  of r e s u l t s  from v a r i o u s  s o u r c e s :  
(1)  The freedom i n  d e f i n i n g  t h e  c h a r a c t e r i s t i c  q u a n t i t i e s  used t o  
c a l c u l a t e  t h e  d imens ion less  pa ramete rs  such  as t h e  Reynolds number e t c .  
h a s  r e s u l t e d  i n  a v a r i e t y  of d e f i n i t i o n s .  The p u b l i c a t i o n s  o f t e n  c o n t a i n  
i n s u f f i c i e n t  i n f o r m a t i o n  t o  pe rmi t  b r i n g i n g  a l l  t h e  d a t a  t o  a common b a s e  
f o r  comparison. 
( 2 )  The a n a l y s i s  of t he  experimental d a t a  i s  very s e n s i t i v e  t o  q u a n t i t i e s  
which o f t e n  cannot be measured a s  accu ra t e ly  a s  would be d e s i r a b l e .  For 
example, t h e  c a l c u l a t i o n  of i n t e r f a c i a l  f r i c t i o n  f a c t o r s  i s  h igh ly  de- 
pendent on the  determinat ion of t h e  i n t e r f a c i a l  s lope .  This s lope  i s ,  
however, u sua l ly  q u i t e  smal l  and hence d i f f i c u l t  t o  measure accura te ly .  
It is  a l s o  dependent on t h e  d e f i n i t i o n  which is  used f o r  i n t e r f a c e  pos i t i on .  
( 3 )  No s i n g l e  i n v e s t i g a t i o n  has  y e t  been made i n  which t h e r e  was a 
sys temat ic  v a r i a t i o n  of t h e  major dimensionless q u a n t i t i e s  over  a  wide 
range of a l l  t h e  s i g n i f i c a n t  parameters.  
( 4 )  The attempted comparisons of d a t a  from va r ious  sources  o f t e n  cons ider  
only t h e  g ros s  flow parameters and no t  t h e  i n t e r n a l  s t r u c t u r e  of t h e  flow. 
For example, considering now p r imar i ly  two-layer flow and t h e  a s soc i a t ed  
f r i c t i o n  f a c t o r  some ques t ions  could be asked t h e  answers t o  which might 
have a  bearing on t h e  compar ib i l i ty  of da t a .  Is t h e  flow f u l l y  e s t a b l i s h e d  
o r  n o t ?  Is t h e  turbulence  i n  t h e  flow t h e  r e s u l t  of a developing i n t e r -  
f a c i a l  boundary l a y e r  downstream from a  s p l i t t e r  p l a t e  used t o  c r e a t e  a  
s t r a t i f i e d  s i t u a t i o n ?  How much of t h e  t o t a l  flow r e s i s t a n c e  f o r  each 
l a y e r  i s  due t o  s ide-wall  shea r  r a t h e r  than  i n t e r f a c i a l  shea r?  I f  only 
one l a y e r  has  a  mean v e l o c i t y  i s  t h e  s i t u a t i o n  one of overflow o r  one of 
underflow? With flow over an a r r e s t e d  wedge o r  i n t r u s i o n  t h e r e  i s  only 
i n t e r f a c i a l  shear  ( ignor ing  s ide-walls)  s o  t h a t  t h e  turbulence  i n  t h e  
moving l a y e r  w i l l  be  any r e s i d u a l  p a r t  of t he  turbulence  generated up- 
s t ream of t h e  wedge p lus  t h e  turbulence  a s soc i a t ed  wi th  t h e  i n t e r f a c i a l  
shear .  On t h e  o the r  hand, f o r  flow under an a r r e s t e d  wedge both lower 
boundary and i n t e r f a c i a l  shea r s  a r e  a c t i v e  i n  genera t ing  turbulence  i n  
t h e  s t r a t i f i e d  flow region.  F i n a l l y ,  what a r e  t h e  hydrau l i c  roughness 
c h a r a c t e r i s t i c s  of t h e  boundaries? 
P a r t  of t h i s  r e p o r t  i s  d i r e c t e d  toward these  l a s t  two ques t ions ,  
namely t h e  poss ib l e  d i f f e r ence  between overflows and underflows and the  
poss ib l e  s i g n i f i c a n c e  of boundary roughness taking i n t o  account 
l ong i tud ina l  dens i ty  v a r i a t i o n s .  Laboratory d a t a  have been co l l ec t ed  f o r  
a r r e s t e d  thermal wedges (underflows) and a r r e s t e d  cold water  i n t r u s i o n s  
(overflows) f o r  both rough and smooth boundaries.  The a r r e s t e d  wedge, 
e i t h e r  i n  t h e  form of thermal wedge o r  cold water  i n t r u s i o n  is a s t a b l e  
conf igura t ion  t h a t  r e s u l t s  when t h e  g r a v i t a t i o n a l  f o r c e  caused by dens i ty  
d i f f e r ences  between contac t ing  l a y e r s  is i n  equi l ibr ium with t h e  f r i c t i o n  
fo rce  a t  t h e  i n t e r f a c e  between t h e  two f l u i d s  (21).  Fig. 1 i l l u s t r a t e s  
a  t y p i c a l  a r r e s t e d  thermal wedge conf igura t ion .  
The au thors  wish t o  acknowledge wi th  thanks t h e  permission 
rece ived  from t h e  De l f t  Hydraulics Laboratory t o  reproduce a s  an appendix 
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t o  t h i s  r e p o r t  E. R. Holley 's  t r a n s l a t i o n  of C. B. Vreugdenhils survey 
of l i t e r a t u r e  on i n t e r f a c i a l  f r i c t i o n  c o e f f i c i e n t s .  
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Fig. 1. Schematic Diagram of Arrested Thermal Wedge 
11. REVIEW OF LITERATURE 
There h a s  been c o n s i d e r a b l e  a t t e n t i o n  focussed  on t h e  g e n e r a l  
problem of s t r a t i f i e d  f low d u r i n g  t h e  p a s t  30 y e a r s .  T h i s  h a s  inc luded  
problems i n v o l v i n g  d e n s i t y  d i f f e r e n c e  caused by suspended sediment 
c o n c e n t r a t i o n  d i f f e r e n c e s ,  by s a l i n i t y  d i f f e r e n c e s ,  by temperature  
d i f f e r e n c e s  o r  due t o  s p i l l a g e  of a f l u i d  of l i g h t e r  d e n s i t y  on t h e  s u r -  
f a c e  of a n o t h e r  (e .g .  o i l  on w a t e r ) .  There w i l l  b e  no a t t empt  h e r e i n  t o  
d e a l  w i t h  a l l  of t h i s  m a t e r i a l ,  r a t h e r  a t t e n t i o n  w i l l  b e  focussed  on 
s e l e c t e d  i t e m s  which t h e  a u t h o r s  have found p a r t i c u l a r l y  u s e f u l  i n  
connec t ion  w i t h  t h e  p r e s e n t  s t u d y  of a r r e s t e d  wedges. 
Genera l ly  t h e  Proceedings  of Congresses and Symposia (13) of 
t h e  I n t e r n a t i o n a l  A s s o c i a t i o n  f o r  Hydrau l ic  Research c o n t a i n  numerous 
papers  on v a r i o u s  a s p e c t s  of s t r a t i f i e d  flow. There are a number of 
" s ta te -o f - the -a r t "  a r t i c l e s  d e a l i n g  w i t h  t h e  mechanics of s t r a t i f i e d  
flow. These i n c l u d e  works by Harleman ( 8 ) ( 9 ) ,  P a r k e r  and ~ r e n k e l  (25) ,  
Harleman and Stolzenbach (10) , and Turner  (35) . 
Numerous s t u d i e s  of two-layer s t r a t i f i e d  f low r e l a t i n g  t o  t h i s  
, 
i n v e s t i g a t i o n  have been made. I n  1957 B a t a  (3) p r e s e n t e d  an  a n a l y s i s  of 
a  two-layer s t r a t i f i e d  flow i n v o l v i n g  an upper ,  h e a t e d  l a y e r  and a  lower ,  
unheated l a y e r  and d e r i v e d  a  s o l u t i o n  f o r  wedge l e n g t h  and geometry 
upstream from a c o o l i n g  w a t e r  i n t a k e .  The a n a l y s i s  was developed from 
t h e  earlier a n a l y s i s  o f  S c h i j f  and SchBnfeld (29) and t r e a t e d  t h e  two 
l a y e r s  as d i s t i n c t .  I n  t h e  s p e c i a l  c a s e  of a  s t a b l e  thermal  wedge t h e  
d i s c h a r g e  i n  t h e  upper l a y e r  is  t a k e n  as z e r o  and t h e  upper l a y e r  is 
t r e a t e d  a s  "s tagnant" .  I n  r e a l i t y ,  however, t h e r e  is  a  warm w a t e r  
c i r c u l a t i o n  w i t h  w a t e r  moving b o t h  upstream and downstream i n  t h e  upper  
l a y e r ;  mixing o c c u r s  a t  t h e  i n t e r f a c e  between t h e  warm w a t e r  and t h e  
u n d e r l y i n g  c o l d  w a t e r  s o  t h a t  t h e  t r a n s i t i o n  from one l a y e r  t o  t h e  o t h e r  
is g r a d u a l  and i n d i s t i n c t  ( s e e  F ig .  1 ) .  P h y s i c a l l y  no d i s t i n c t  i n t e r f a c e  
e x i s t s ;  b o t h  t h e  v e l o c i t y  d i s t r i b u t i o n  and t h e  t empera tu re  d i s t r i b u t i o n  
v a r y  c o n t i n u o u s l y  in t h e  v e r t i c a l  d i r e c t i o n .  
P o l k ,  e t  a 1  ( 2 6 ) ,  observed t h e  c i r c u l a t i o n  p a t t e r n  i n  t h e  warm 
upper  l a y e r  and t h e  g r a d u a l  d e c r e a s e  i n  t empera tu re  w i t h  d e p t h  and upst ream 
d i s t a n c e  when t h e y  conducted f i e l d  o b s e r v a t i o n  of d e n s i t y  wedges a t  
s e v e r a l  s t eam power p l a n t  s i t e s .  I n  o r d e r  t o  make u s e  of B a t a ' s  wedge 
l e n g t h  fo rmula ,  they  c a l c u l a t e d  t h e  average  t empera tu re  i n  t h e  wedge f o r  
each  s i t e  u s i n g  t h a t  p o r t i o n  of t h e  t empera tu re  p r o f i l e  above t h e  d e p t h  
which w i l l  p i v e  a  n e t  d i s c h a r g e  of z e r o  i n  t h e  upper  l a y e r  when t h e  
v e l o c i t y  p r o f i l e  is i n t e g r a t e d  v e r t i c a l l y .  T h e i r  f i e l d  d a t a  agreed 
f a i r l y  w e l l  w i t h  B a t a ' s  t h e o r e t i c a l  s o l u t i o n .  
Majewski (21) i n  1965 r e p o r t e d  t h e  r e s u l t s  of l a b o r a t o r y  e x p e r i -  
ments on t h e  development and s t a b i l i z a t i o n  of over f low and underf low 
a r r e s t e d  wedges g e n e r a t e d  by d e n s i t y  d i f f e r e n c e s  r e s u l t i n g  from tempera- 
t u r e  d i f f e r e n c e s  between t h e  main f l o w  and t h e  wedge i n f l o w  and from 
s a l i n i t y .  Some of t h e  c o n c l u s i o n s  o f  h i s  exper iments  were: 
( i )  t h e  l e n g t h  of a r r e s t e d  wedge was a  f u n c t i o n  of t h e  d e n s i m e t r i c  
Froude n m b e r  . 
( i i )  f o r  i n v e s t i g a t e d  c a s e s  i t  was found t h a t  v a r i a t i o n  of t h e  wedge 
i n f l o w  d i s c h a r g e  h a s  no s i g n i f i c a n t  i n f l u e n c e  on t h e  shape  and 
t h e  l e n g t h  of t h e  a r r e s t e d  wedge. 
( i i i )  f o r  t h e  same f low c o n d i t i o n s  and t h e  same d e n s i t y  d i f f e r e n c e s ,  t h e  
underf low c a s e  h a s  a  l o n g e r  a r r e s t e d  wedge l e n g t h  t h a n  t h e  over- 
f low c a s e .  
I n  o r d e r  t o  make u s e  of any wedge l e n g t h  formula  t o  compute 
wedge l e n g t h  and geometry upst ream from a c r i t i c a l  c o n t r o l  s e c t i o n ,  t h e  
i n t e r f a c i a l  shear  s t r e s s  c o e f f i c i e n t  must be determined. When the  flow 
i s  laminar i t  is acces s ib l e  t o  t h e o r e t i c a l  ana lys i s .  Keulegan (16 ) ,  
Bata (4 ) ,  Ippen and Harleman (14) have found t h a t  t h e  i n t e r f a c i a l  shea r  
s t r e s s  c o e f f i c i e n t  is  a  func t ion  of Reynolds number f o r  laminar flows. 
It is no t  sub jec t  t o  exac t  ana lys i s  when t h e  flow a t  o r  near  t h e  
i n t e r f a c e  is i n  any degree turbulen t .  Determination of t h e  i n t e r f a c i a l  
shear  s t r e s s  c o e f f i c i e n t  thus depends upon experiment. 
The problem of determining t h e ' i n t e r f a c i a l  shea r  has  been 
inves t iga t ed  by many authors .  However, var ious  i n v e s t i g a t o r s  have 
c a r r i e d  ou t  experiments i n  d i f f e r e n t  s i t u a t i o n s  and, a s  mentioned i n  
t he  In t roduc t ion ,  presented t h e i r  r e s u l t s  i n  d i f f e r e n t  ways and i n  
d i f f e r e n t  r e l a t i o n  t o  d i f f e r e n t  parameters.  There has  not  t he re fo re  
- 
been e s t a b l i s h e d  a  s a t i s f a c t o r y  method f o r  p red ic t ing  s u i t a b l e  va lues  
of i n t e r f a c i a l  shear  s t r e s s  c o e f f i c i e n t  f o r  a  two-layer s t r a t i f i e d  flow. 
Lofquist  (19) i n  1960 presented t h e  r e s u l t s  of ex tens ive  
s t u d i e s  (both a n a l y t i c a l  and experimental) on t h e  flow and s t r e s s  near  
an i n t e r f a c e  between s t r a t i f i e d  l i q u i d s .  A t u rbu len t  flow of s a l t  
water  under a  pool  of f r e s h  water  was s tud ied .  Measurements included 
i n t e r f a c e  s lope ,  t h e  v e l o c i t y  and dens i ty  p r o f i l e ,  and t h e  r a t e  of 
mixing. The i n t e r f a c i a l  shea r  s t r e s s  c o e f f i c i e n t s  were computed from 
t h e  observa t ions  and t h e  equat ion of motion. The r e s u l t s  showed t h a t  
t h e  i n t e r f a c i a l  shear  s t r e s s  c o e f f i c i e n t s  depended on Reynolds number, 
dens imet r ic  Froude number and a l s o  on A p / p .  There was a  cons iderable  
s c a t t e r  i n  t he  r e s u l t s .  
Macagno and Rouse (20) ,  s tud ied  t h e  problem of i n t e r f a c i a l  
mixing i n  s t r a t i f i e d  flow i n  a  conduit  of r ec t angu la r  cross-sect ion.  
Experiments were performed wi th  f r e s h  and s a l t  water .  The i n t e r f a c i a l  
shea r  (which was presented i n  terms of t he  r a t i o  of t h e  a c t u a l  s t r e s s  t o  
t h e  v iscous  s t r e s s  f o r  main flow) showed a d e f i n i t e  c o r r e l a t i o n  wi th  
Reynolds number and dens imet r ic  Froude number. 
The problem of i n t e r f a c i a l  shea r  has  a l s o  drawn cons iderable  
i n t e r e s t  i n  Japan. Iwasaki (15) i n  1964 proposed t h e  fol lowing formula 
t o  r e l a t e  f wi th  Reynolds number and dens imet r ic  Froude number i 
2 -0.8356 
f i  = 31.52 (Re FA) 
Shi - iga i  (31) analyzed t h e  e f f e c t s  of i n t e r n a l  waves on the  energy 
d i s s i p a t i o n  a t  t he  i n t e r f a c e  and suggested t h a t  t h e  i n t e r f a c i a l  shear  
s t r e s s  mainly depended upon t h e  energy d i s s i p a t i o n  caused by i n t e r n a l  
waves. He der ived  t h e o r e t i c a l l y  t he  express ion  f o r  f a s  a func t ion  of i 
2 Re FA 
i n  which c = cons tan t .  I n  a l a t e r  paper ,  Shi - iga i  (32) suggested a 
gene ra l  formula 
-4 4 f ,  = 31.6 x 10 x (6.45 x 10 ) (Re F , ) - ~  
By choosing s u i t a b l e  va lue  of n ,  one can comparatively cover t h e  forms 
of f proposed by many authors .  i 
There have been some a t tempts  t o  seek a gene ra l  c o r r e l a t i o n  
f o r  some of t h e  i n t e r f a c i a l  shea r  s t r e s s  d a t a  i n  t he  l i t e r a t u r e .  
Sjoberg (33) used t h e  d a t a  given by Lofquis t  (19) ,  Macagno and Rouse (20) 
and Michon, e t  a1  (23) and found t h a t  t h e  r a t i o  of t h e  t o t a l  s t r e s s  t o  
2 i t s  laminar  component has  d e f i n i t e  c o r r e l a t i o n  wi th  Re and Re FA. 
Sherenkov e t  a 1  (30) p l o t t e d  d a t a  from seven sources  and aga in  found a 
2 genera l  c o r r e l a t i o n  between f i  and Re FA, b u t  with r e l a t i v e l y  l a r g e  
s c a t t e r .  
Analy t ica l  and experimental work has  a l s o  been done on some 
s p e c i a l  cases  of a two-layered system. Keulegan (18) has  done ex tens ive  
experiments on an a r r e s t e d  s a l t  wedge. Abraham and Eysink (1) 
presented an experimental r e l a t i o n s h i p  between f and Re f o r  t h e  case i 
of lock  exchange flow. Cross and Hoult (5), and Wilkinson (37)(38) 
have publ ished d a t a  and analyses  f o r  t h e  case of contained o i l  s l i c k s .  
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( a )  General  Two-Layer S t r a t i f i e d  Flow 
(b)  A r r e s t e d  Thermal Wedge (underf low) 
( c )  A r r e s t e d  Cold Water I n t r u s i o n  (overf low) 
F ig .  2 .  D e f i n i t i o n  Ske tches  f o r  S t r a t i f i e d  Flows 
III. EQUATIONS FOR TWO-LAYERED now 
111-1. General  Analysis  
I n  t h e  fo l lowing  a n a l y s i s  v e r t i c a l  and l a t e r a l  components of 
a c c e l e r a t i o n  w i l l  b e  ignored.  With r e f e r e n c e  t o  t h e  d e f i n i t i o n  ske t ch  
shown i n  F ig .  2 t h e  c o n t i n u i t y  equa t i on  f o r  t h e  upper l a y e r  of a  two-layer 
s t r a t i f i e d  f low i s  g iven  by 
The x - component of t h e  equa t ion  of motion is  
I n  t h e s e  equa t i ons  u  = l o c a l  downstream v e l o c i t y  component i n  t h e  upper 1 
l a y e r ;  v  = l o c a l  v e r t i c a l  v e l o c i t y  component i n  t h e  upper l a y e r ;  - 1 W1 -
l o c a l  t r a n s v e r s e  v e l o c i t y  component i n  t h e  upper l a y e r ;  pl = l o c a l  
f l u i d  d e n s i t y  i n  t h e  upper l a y e r ;  p = l o c a l  p r e s s u r e  i n  t h e  upper  l a y e r ;  1 
1 
t = t i m e ;  o = d e v i a t o r i c  normal stress i n  x -d i r ec t i on ;  T T = 
X yx' zx 
t a n g e n t i a l  s t r e s s e s .  The f i r s t  s u b s c r i p t  i n d i c a t e s  t h e  d i r e c t i o n  of t h e  
normal t o  t h e  p lane  of a c t i o n  arid t h e  second t h e  d i r e c t i o n  of a c t i o n .  
Tangen t i a l  s t r e s s  i s  taken a s  p o s i t i v e  i f  t h e  outward normal and t h e  
a c t i o n  a r e  bo th  p o s i t i v e l y  o r  bo th  n e g a t i v e l y  d i r e c t e d ,  and nega t i ve  i f  
e i t h e r  one i s  nega t i ve ly  d i r e c t e d .  
I f  i t  is assumed t h a t  t h e  t u r b u l e n t  c o n t r i b u t i o n  t o  t h e  
1 d e v i a t o r i c  s t r e s s  is dominant t h e  term involv ing  o may b e  dropped from 
X 
Eq. 9 .  For h y d r o s t a t i c  v a r i a t i o n  of f l u i d  p r e s s u r e ,  u s ing  a  b a r  t o  
denote average over t h e  depth 
-- 
p1 = R j p1 dy - 6 R (H-y) f o r  h2 s Y ' H  1 
47 
I n t e g r a t i n g  Eq. 9 without  t h e  term involv ing  oL over t h e  depth and ac ros s  
X 
t h e  r ec t angu la r  channel of width B and us ing  c o n t i n u i t y  t o  r ea r r ange  t h e  
terms on t h e  l e f t  hand s i d e  y i e l d s :  
2 
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Defining 
and using Leibniz's formula the first'term on the left hand side may be 
shown to be 
The second term on the left hand side of Eq. 11may be written 
The free surface may be represented by 
The condition that the vertical fluid velocity, v must match the vertical 
s ' 
velocity of the free surface is 
i n  which u = x-component of v e l o c i t y  a t  t h e  f r e e  sur face .  S imi l a r ly  t h e  
S 
i n t e r f a c e  boundary condi t ion  is 
i n  which ui, v a r e  t h e  x ,  y components of v e l o c i t y  a t  t h e  i n t e r f a c e .  i 
Using t h e  express ions  f o r  v and v given by Eq. 23 and Eq. 24  t h e  t h i r d  
S i 
term on t h e  l e f t  hand s i d e  of Eq. 11 may be  w r i t t e n :  
F i n a l l y ,  t h e  remaining term on t h e  l e f t  hand s i d e  of Eq. 11 may be shown 
t o  be ze ro  s i n c e  u B 1 = W1 = O a t z = + - .  - 2 
Approximating t h e  p re s su re  i n  t h e  upper l a y e r  by Eq. 10 t h e  
p re s su re  term on the  r i g h t  hand s i d e  of Eq. 11 may be  reduced t o  
Assuming t h a t  shea r  s t r e s s  i s  uniform on t h e  i n t e r f a c e  and = T i 
t h e  second term on t h e  r i g h t  hand s i d e  of Eq. 11 becomes 
F i n a l l y  f o r  uniform shea r  s t r e s s  on each of t h e  two s idewa l l s ,  T , t h e  
W 1 
remaining term of Eq. 11 may be  w r i t t e n  
B 
dydz = - 2 r hl 1 
S u b s t i t u t i o n  of Eqs. 1 7 ,  21, 25, 26, 27 and 28 i n  Eq. 11 f i n a l l y  
y i e l d s  
- - 
For  t h e  lower l a y e r ,  d e f i n i n g  p 2 '  u2' a2 and B 2  analagous t o  
- - 
P l y  U1, a l  and B1, excep t  t h a t  i n t e g r a t i o n s  w i t h  r e s p e c t  t o  y range  from 
0 t o  h 2 ,  and approximating t h e  lower l a y e r  p r e s s u r e  by 
- 
- 
p 2 - g p h  1 1  + g  dy = g [Plhl + F 2 (h 2 -y) l  f o r  0 r y r h2 (30) 
The r e s u l t  is 
a a - -2 
- - ( a p ; B h ) + ~ ( B p u B h ) = -  a t  2 2 2  2 2 2 2  2 gB & {T 1 -  p2h2 + ilhlh21 
i n  which rb is a uniform bed s h e a r  s t r e s s  and r is a uniform s i d e w a l l  
w9 
L 
s h e a r  s t r e s s .  Now, assuming t h a t  a = a = B1 = B 2  = 1, t h a t  B is a 1 2  
c o n s t a n t ,  and t h a t  s t e a d y  s t a t e  e x i s t s  Eq.  29 and Eq. 31 reduce t o  
Neglect ing entrainment and using B = cons tant ,conserva t ion  of mass f o r  
t he  upper l a y e r  y i e l d s  
and f o r  t h e  lower l a y e r  
d - -  
- u h )  = O  
dx ('2 2 2 
Assuming H = cons tant ,  s o  t h a t  
and l e t t i n g  
Eq. 31 may be rearranged t o  y i e l d  
L e t t i n g  
and 
se passa~dxa aq LEU sassalas nays paq pue 5:ey3ej~aauy '5:5:em au 
:playL 03 pauyquo3 aq LEU 1'7 *bg pue $3~ :ba 
in which fw , f and f are dimensionless friction factors. 
-1 i b J 
Simplifying some terms by use of the Boussuiesq approximation 
(F1 /F2 = 1) and introducing the dimensionless quantities 
Eq. 44 may be written 
111-2. Arrested Thermal Wedge 
For the special case of the arrested thermal wedge (see Fig. 
so that Eq. 50 simplifies to 
111-3. A r r e s t e d  Cold Water I n t r u s i o n  
For t h e  s p e c i a l  c a s e  of t h e  a r r e s t e d  c o l d  w a t e r  i n t r u s i o n  ( s e e  
F ig .  2c) 
s o  t h a t  Eq. 50 s i m p l i f i e s  t o  
111-4. Eva lua t ion  of S idewal l  F r i c t i o n  and Bed F r i c t i o n  
When t h e  l o n g i t u d i n a l  v a r i a t i o n  i n  d e n s i t y  and t h e  s i d e w a l l  
f r i c t i o n  f o r  each  of t h e  two l a y e r s  i s  n e g l e c t e d  t h e  above e q u a t i o n s  
reduce t o  t h o s e  o b t a i n e d  by o t h e r s  ( 3 )  ( 9 ) .  
I n  o r d e r  t o  e v a l u a t e  t h e  s i d e w a l l ,  bed and i n t e r f a c i a l  f r i c t i o n  
f a c t o r s  i n  t h e  above e q u a t i o n s  a  means must be  u t i l i z e d  f o r  a s s o c i a t i n g  
a  Reynold's  number w i t h  each.  I n  t h i s  s t u d y  t h e  method proposed by 
E i n s t e i n  and Barbarossa  ( 7 ) ( 2 )  was adopted.  P a r t s  of t h e  t o t a l  f low 
a r e  cons idered  t o  be  a s s o c i a t e d  w i t h  t h e  bed,  t h e  s i d e w a l l s  and t h e  
i n t e r f a c e .  The energy s l o p e ,  S ,  i s  t a k e n  common t o  a l l  p a r t s  and t h e  
mean v e l o c i t y  i n  each p a r t  i s  assumed e q u a l  t o  t h e  o v e r a l l  mean v e l o c i t y .  
For t h e  a r r e s t e d  the rmal  wedge, e q u a t i n g  a r e a s  
i n  which Ft,, R and Ri a r e  t h e  h y d r a u l i c  r a d i i  and B y  h 2  and B a r e  t h e  we t ted  
w 9 L 
p e r i m e t e r s  a s s o c i a t e d  w i t h  t h e  bed,  s i d e w a l l s  and i n t e r f a c e  r e s p e c t i v e l y .  
2 3  
For t h e  a r r e s t e d  cold  water  i n t r u s i o n  the  corresponding r e s u l t  
For the  a r r e s t e d  thermal wedge the  Darcy-Weisbach equat ion then 
y i e l d s  
i n  which S2 is  t h e  energy s lope  f o r  t h e  lower l aye r .  The corresponding 
r e s u l t  f o r  t h e  a r r e s t e d  cold water  i n t r u s i o n  i s  
Defining 
and assuming v v  v ,  t he  kinematic  v i s c o s i t y  of t h e  f luid,Eqs.  5 3 ,  1 2  
55 and 57 y i e l d  
and 
Moreover 
s o  t h a t  
For t h e  a r r e s t e d  cold water  i n t r u s i o n  
and 
F r i c t i o n  f a c t o r s  were ca l cu l a t ed  using a  modified Colebrook 
r e l a t i o n  (11) f o r  open channels 
i n  which k .  = equiva len t  sand g r a i n  roughness diameter .  For smooth wa l l s  
3 
5 k  may be  s e t  equa l  zero ,  o r ,  f o r  va lues  of Re  < 10 E q ,  64 may b e  re- j j 
placed by t h e  s impler  Blas ius  r e l a t i o n s h i p :  
111-5. Laminar Overflow Versus Laminar Underflow 
I n  t h e  In t roduc t ion  i t  was pointed out  t h a t  t h e r e  may be 
d i f f e r e n c e s  i n  t h e  i n t e r n a l  mechanics, and the re fo re  i n  t h e  i n t e r f a c i a l  
momentum t r a n s f e r ,  between overflows and underflows. Without knowing 
the  d e t a i l s  of t he  turbulence s t r u c t u r e  i t  is no t  pos s ib l e  t o  c a l c u l a t e  
t h e  momentum t r a n s f e r  from b a s i c  p r i n c i p l e s  f o r  t u rbu len t  flow. However, 
i t  is  poss ib l e  f o r  laminar flow under c e r t a i n  s impl i fy ing  assumptions. A s  
shown below such computations i n d i c a t e  a d i f f e r e n t  f i  f o r  underflows and 
overflows f o r  laminar flow. Thus, i t  may be reasonable t o  expect a 
d i f f e r e n c e  f o r  t u rbu len t  flows a l s o .  
Ippen and Harleman (14) considered t h e  case  of a s t eady ,  
uniform, laminar underflow f o r  which t h e  depth was smal l  i n  c o m ~ a r i s o n  
t o  t he  upper f l u i d .  Thei r  work ind ica t ed  a cons tan t  r a t i o  between t h e  
f l u i d  v e l o c i t y  a t  t h e  i n t e r f a c e ,  ui, and t h e  maximum f l u i d  v e l o c i t y ,  
u such t h a t  
m ' 
This  y i e lded  t h e  r e s u l t  
I 
- =  0. 114Re2 (67) 
Cf 
i n  which c is  a r e s i s t a n c e  c o e f f i c i e n t  = f / 4 .  This  i nc ludes  both t h e  f 
r e s i s t a n c e  of t h e  i n t e r f a c e  and t h e  bottom. The Reynolds number i s  
based on u and h2. The a n a l y s i s  a l s o  ind ica t ed  t h a t  ri = 0. 64rb, where 2 
T is  t h e  shea r  s t r e s s .  
With 
and 
i t  fol lows t h a t  f i  = 0.64f and Eq .  68 y i e l d s  b 
f = fb  + f i  = 2.56fi 

Then, from Eq .  67 
Hence 
An a n a l y s i s  s i m i l a r  t o  t h e  above can be  c a r r i e d  o u t  f o r  t h e  
j case of a  laminar overflow a s  depic ted  i n  Fig. 3 .  For flow over an 
1 i n f i n i t e l y  deep, now flowing l a y e r ,  i t  is not  poss ib l e  t o  have uniform 
I 
I flow i n  t h e  upper ,  moving l aye r .  I n  a d d i t i o n  t o  t h e  assumptions used by 
I 
Ippen and Harleman (14) i t  w i l l  be  assumed t h a t  t h e  flow is gradual ly  
I 
I va r i ed  and t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  a t  each s e c t i o n  i s  t h e  same a s  
i t  would be  f o r  f u l l y  developed laminar f r e e  s u r f a c e  f low over  a  boundary 
moving wi th  t h e  l o c a l  value'of t h e  v e l o c i t y ,  u.. The v e l o c i t y  d i s t r i -  
1 
bu t ion  would then  be  a  combination of a  uniform flow wi th  v e l o c i t y  u  I i , 
p l u s  a p a r a b o l i c  d i s t r i b u t i o n  varying from u  a t  t h e  i n t e r f a c e  t o  u  a t  i l m  
t he  f r e e  su r f ace .  This i s ,  no doubt,  no t  exac t ly  c o r r e c t  bu t  would 
t 
appear  t o  be a  reasonable f i r s t  e s t ima te  by v i r t u r e  of t h e  f a c t  t h a t  t h e  
1 v e l o c i t y  d i s t r i b u t i o n  f o r  o t h e r  gradual ly  v a r i e d ,  laminar f lows is 
n e a r l y  pa rabo l i c  e.g. a  laminar boundary l a y e r  on a  s t a t i o n a r y  p l a t e  
wi th  no p re s su re  g rad ien t  (27) .  Since t h e  v e l o c i t y  d i s t r i b u t i o n  i s  
I 
i assumed t o  be t h e  sum of a  uniform d i s t r i b u t i o n  and a  pa rabo l i c  d i s -  ! 
t r i b u t i o n ,  t h e  v e l o c i t y  g rad ien t  a t  t h e  i n t e r f a c e ,  and t h e r e f o r e  T ~ ,  
w i l l  be  t h e  same a s  f o r  a  laminar open-channel flow whose v e l o c i t y  
d i s t r i b u t i o n  is j u s t  t h e  pa rabo l i c  p a r t ,  o r  (ul - ui).  For laminar 
open-channel flow, t h e  bed f r i c t i o n  f a c t o r  i s  (14) 
Applying t h i s  t o  t h e  p a r a b o l i c  p a r t  of t h e  v e l o c i t y  d i s t r i b u t i o n  i n  
F ig .  3 ,  f o r  which t h e  average v e l o c i t y  i s  given by 
t h e  i n t e r f a c i a l  f r i c t i o n  f a c t o r  i s  
Again,  assuming u = 0.59 ul a s  i n  E q .  66 then i 
m 
E q .  76 then  g i v e s .  
i n  which Rel i s  based on ; and hl. 1 
Whereas Ippen and Harleman performed exper iments  and v e r i f i e d  
t h e i r  a n a l y s i s  which l e d  t o  E q .  73, t h e r e  i s  no d i r e c t  exper imenta l  
v e r i f i c a t i o n  of E q .  78. N e v e r t h e l e s s ,  due t o  t h e  s i m i l a r i t y  of assump- 
t i o n s  i n  t h e i r  a n a l y s i s  of t h e  underflow and t h e  p r e s e n t  a n a l y s i s  of t h e  
over f low,  i t  seems reasonab le  t o  expec t  E q .  78 t o  g i v e  a reasonab le  
f i r s t  e s t i m a t e  of f f o r  overf lows.  Comparison of E q .  73 and E q .  78 i 
i n d i c a t e s  t h a t ,  f o r  t h e  same v a l u e  of Reynolds number based on l a y e r  
dep th  and mean v e l o c i t y ,  t h e  overflow f r i c t i o n  f a c t o r  w i l l  be  approxi-  
mate ly  5.5 t imes  t h a t  f o r  t h e  underflow. Note t h a t  f o r  t h e  s p e c i a l  
c a s e s  of two-dimensional a r r e s t e d  the rmal  wedges and a r r e s t e d  c o l d  wa te r  
i n t r u s i o n s  Re = Re = Re = UH/v. The i n c r e a s e d  i n t e r f a c i a l  momentum I 2 
t r a n s f e r  i s  due t o  d i f f e r e n c e s  i n  t h e  d e t a i l s  of t h e  f low,  s p e c i f i c a l l y  
I 
i t h e  v e l o c i t y  g rad ien t  a t  t he  i n t e r f a c e  f o r  t h i s  laminar case ,  r a t h e r  than  
i t o  d i f f e r e n c e s  i n  t he  gross  c h a r a c t e r i s t i c s  of t h e  flows. It may be 
p o s s i b l e  f o r  s i m i l a r  d i f f e r ences  t o  e x i s t  f o r  two-dimensional t u rbu len t  
underflows and overflows. The d a t a  presented  i n  Chapter V of t h i s  r e p o r t  
are used t o  compare t h e  f r i c t i o n  f a c t o r s  f o r  a r r e s t e d  thermal wedges and 
a r r e s t e d  cold water  i n t r u s i o n s  i n  a  long 0.98 f t  wide channel f o r  which 
t h e  boundary l a y e r  of t h e  main flow could be expected t o  be f u l l y  
developed be fo re  encounter ing t h e  wedge. Thus, s idewa l l  e f f e c t s  on t h e  
v e l o c i t y  d i s t r i b u t i o n  and on t h e  r e l a t i o n  between t h e  i n t e r f a c e  v e l o c i t y  
and t h e  maximum v e l o c i t y  would be q u i t e  marked. The d a t a ,  i n  t h i s  
circumstance i n d i c a t e  the  oppos i te  behavior  from t h a t  p red ic t ed  i n  t h e  
two-dimensional laminar ana lys i s .  It is  i n t e r e s t i n g  t o  no te  t he  
s e n s i t i v i t y  of t h e  r e s u l t s  given by Eq. 73 and Eq. 78 t o  t h e  assumption 
1 
of a  va lue  f o r  u  /u I f  both computations a r e  repeated assuming u  /u  i m' i m 
= 0.20 r a t h e r  than 0.59 t h e  end r e s u l t  i n d i c a t e s  t h a t  t h e  overflow 
f r i c t i o n  f a c t o r  w i l l  be  0.76 r a t h e r  than  5.5 t imes t h a t  f o r  t h e  underflow 
One might expect  a  decrease i n  ui/um a s  a  consequence of boundary l a y e r  
growth f-rom t h e  s idewa l l s  r equ i r ing  an i n c r e a s e  i n  maximum v e l o c i t y  t o  
s a t i s f y  con t inu i ty .  
111-6. Dimensional Considerat ions 
Consider a  s teady  one-dimensional, two-layer s t r a t i f i e d  flow i n  
a wide h o r i z o n t a l  channel a s  shown i n  t h e  l e f t  p o r t i o n  of Fig. 2a. The 
i n t e r f a c i a l  f r i c t i o n  f a c t o r  i s  given f u n c t i o n a l l y  a s :  
f i  = 4 ( f b ~ u 1 ~ u 2 Y h l Y h 2 Y ~ Y ~ 2 Y ~ 1 Y ~ 2 , g )  
Using t h e  Buckingham T-theorem t h i s  r e l a t i o n s h i p  can be  expressed a s  
30 
I f  only one l a y e r  i s  moving Eq. 80 may be  reduced t o  
i n  which t h e  dimensionaless parameters a r e  evaluated f o r  t h e  moving 
l a y e r ,  j .  I f  t h e  upper l a y e r  is t h e  one moving, then f b  could be dropped 
from Eq. 81. Fur ther ,  i f  t h e  f r e e  su r f ace  s lope  i s  n e g l i g i b l y  smal l ,  
then i t  would be expected t h a t  F would be small  and not  s i g n i f i c a n t  i n  j 
Eq. 81 so t h a t  
- F ) f o r  overflows 
f i  - A1 
and 
f i  = (fb,Re2,FA2) f o r  underflows (83) 
Since f i s  a func t ion  of t he  r e l a t i v e  roughness k/h2 and t h e  Reynolds b 
number Eq. 8 3 , i s  equiva len t  t o  
f  i = $ 1 (k/h2,Re2,FA2) f o r  underflows 
I n  developing Eq. 81 s e v e r a l  terms were el iminated on t h e  b a s i s  of a 
l a y e r  v e l o c i t y  being zero. This is cons i s t en t  wi th  the  o r i g i n a l  assump- 
t i o n  of one-dimensional flow i n  each l a y e r  s i n c e  a zero v e l o c i t y  would 
then imply no not ion.  However, s i n c e  t h e  non-flowing l a y e r  i s  of course 
a f l u i d  r a t h e r  than a s o l i d ,  t h e r e  w i l l  be  some c i r c u l a t i o n  whose 
average v e l o c i t y  i s  zero.  Thus, one might expect t h a t  Eqs. 82 and 84 
should a l s o  inc lude  terms such a s  h /h and p /p Also, a s  mentioned 1 2  1 2' 
i n  t he  In t roduc t ion ,  t he  d e t a i l e d  mechanics of t he  flow may be d i f f e r e n t  
between overflows and underflows and between var ious  o the r  s i t u a t i o n s  s o  
t h a t  t h e  a c t u a l  two-dimensional na tu re  of t h e  flow should lead  t o  o the r  
cons idera t ions  i n  de f in ing  t h e  f u n c t i o n a l  dependence of f  i' 
Even omi t t ing  these  poss ib l e  a d d i t i o n a l  cons ide ra t ions  from 
Eqs. 82 through 84, most of t h e  c o r r e l a t i o n s  which have been attempted 
i n  t h e  l i t e r a t u r e  between f  and flow parameters have assumed s i m p l i f i -  i 
c a t i o n s  of t hese  equat ions.  For example, Harleman and Stolzenbach (10) 
used 
on t h e  assumption t h a t  FA would be  s o  l a r g e  f o r  many thermal  d ischarge  
problems t h a t  F would not  be  a  s i g n i f i c a n t  parameter. Sherenkov e t  a1 A 
(30) assumed 
2 
on t h e  b a s i s  of t h e  f a c t  t h a t  FA Re appears  a s  a  parameter i n  de f in ing  
t h e  s t a b i l i t y  condi t ions  a t  t h e  i n t e r f a c e .  Comparison of Eq. 86 with 
Eqs. 73 and 78 i n d i c a t e s  t h a t  Eq. 86 i s  i n c o n s i s t e n t  with t h e  a n a l y t i c a l  
r e s u l t s  f o r  laminar flows. However, t h a t  observa t ion  does no t  speak 
a g a i n s t  t h e  poss ib l e  usefu lness  of Eq. 86 f o r  t u rbu len t  flows. Abraham 
and Eysink (1) q u a l i t a t i v e l y  considered t h e  dependence of f  on both i 
F and Re. They argued t h a t  f o r  cons tan t  FA t h e r e  is probably some A 
va lue  of Re above which f i  would be cons tan t  j u s t  a s  f o r  s i n g l e  l a y e r  
flow over a  rough boundary. They a l s o  pos tu l a t ed  t h a t  f o r  cons tan t  
Re,f should inc rease  a s  F increased .  I n  s h o r t ,  t h e  reasoning was t h a t  i A 
f .  i s  r e p r e s e n t a t i v e  of momentum t r a n s p o r t  across  t h e  i n t e r f a c e  and more 
1 
momentum should be t r ans fe red  ( l a r g e r  f . )  f o r  given v e l o c i t i e s  and 
1 
l a y e r  t h i ckness  when t h e r e  was l e s s  d e n s i t y  s t a b i l i z a t i o n  ( smal le r  
A p / p  and t h e r e f o r e  l a r g e r  F ) .  This reasoning appears t o  be  sound 2 A 
except  f o r  the' f a c t  t h a t  t h e r e  is cons iderable  d a t a  i n d i c a t i n g  an 
opposite trend. (See Appendix I1 and Chapter V.) The mechanics re- 
sponsible for this observed trend have not been fully explained, as far 
as the writers know. There is a significant diversity between the results 
of various investigators so that even fai.rly extensive studies of one 
investigator into the functional dependence of f on flow parameters are i 
in general not confirmed by another investigator. Again, this points 
to.the need to consider more details of the flow in addition to just the 
average velocity and layer depths in comparing results of various 
investigators and in examining the behavior of f i* 
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I V .  APPARATUS AND EXPERIMENTAL PROCEDURE 
IV-1.  Apparatus & Measurements 
The experimental  d a t a  a r e  summarized i n  Appendix I of t h i s  r e p o r t .  
The s e r i e s  of runs numbered 1 8  t o  30 were made i n  a 6 - f t  wide, 4-f t  deep 
and 161-ft  long t i l t i n g  channel.  The channel  has  p l e x i g l a s s  s idewa l l s  and 
a pa in t ed  s teel  bed. The channel bottom was kep t  h o r i z o n t a l  dur ing  a l l  t h e  
tests. The ambient flow was supp l i ed  from the  l abo ra to ry ' s  cons t an t  head 
tank and in t roduced  t o  t h e  channel a t  t h e  head box. Flow depth was c o n t r o l l e d  
by a t a i l  ga te .  
Water f o r  a r r e s t e d  warm water  wedges e s t a b l i s h e d  i n  t h i s  channel  
was hea ted  using two A. 0. Smith Corp. 40.5 KW, 480 v o l t  e l e c t r i c  h e a t e r s  
which could supply about 28 gpm a t  a temperature  of 20F0 above ambient. 
Heated wa te r  was f ed  t o  2 ITT Lawler PX-9700 the rmos ta t i c  mi-xing va lves ,  
t oge the r  w i t h  a s e p a r a t e  co ld  wa te r  supply.  I n  o rde r  t o  provide a d d i t i o n a l  
head t o  overcome head l o s s e s  i n  t h e  wa te r  h e a t e r s  and i n  t h e  mixing va lves  
a Gorman-Rupp se l f -pr iming  c e n t r i f u g a l  pump ( 1  112 HP, 3450 RPM) was p laced  
i n  t h e  head tank supply l i n e  common t o  bo th  t h e  ho t  and co ld  wa te r  l i n e s .  
The mixing va lves  were capable  of c o n t r o l l i n g  o u t l e t  temperature  t o  f0 .5F0 
of t h e  s e t t i n g ,  r ega rd l e s s  of p r e s s u r e  f l u c t u a t i o n s  i n  t h e  supply l i n e s .  
The warm outf low was then d i s t r i b u t e d  evenly ac ros s  t h e  channel  by a 
d i f f u s e r  l oca t ed  8- f t  upstream from t h e  t a i l  g a t e  ( see  Fig.  4) .  
Observat ions and measurements were taken from an ins t rument  
c a r r i a g e  and a personnel  c a r r i a g e  mounted on t h e  channel top rails,  
Temperature surveys  a t  t h e  wa te r  s u r f a c e  and i n  t h e  a i r  immediately 
above i n d i c a t e d  excess ive  h e a t  d i s s i p a t i o n  from t h e  thermal  wedges. 
Since t h e  l abo ra to ry  was c losed  t h e  accumulation of h e a t  i n  t h e  a i r  
above t h e  wa te r  r e s u l t e d  i n  t h e  development of unsteady, non-uniform 
temperature  d i s t r i b u t i o n s  i n  t h e  a r r e s t e d  thermal  wedges. This  was f u r t h e r  
enhanced by t h e  cont inuous  i n c r e a s e  o f  t h e  ambient t empera tu re  d u r i n g  t h e  
course  of an experiment due t o  r e c i r c u l a t i o n  of t h e  mixed f low and t h e  
p resence  of supp ly  pumps i n  t h e  system. Moreover, t h e r e  was a tendency 
f o r  three-dimensional  f low p a t t e r n s  t o  develop i n  t h e  v i c i n i t y  of t h e  
upstream end of t h e  a r r e s t e d  wedge. To avo id  some of t h e s e  problems f u r t h e r  
exper iments  were conducted i n  a 0 .98-f t  wide,  1 - f t  deep,  by 140-f t  long 
channe 1. 
- This  second,  narrower  channel ,  which was l e v e l l e d  h o r i z o n t a l l y ,  
f e d  i n t o  an 8 - f t  l o n g ,  4-f t  wide by 4 - f t  deep t a i l  box. The w a t e r  depth  
i n  b o t h  t h e  t a i l  box and channel  was c o n t r o l l e d  by a skimming box clamped 
t o  one s i d e  of t h e  t a i l  box. The overf low i n t o  t h e  skimming box was pumped 
i n t o  a f l o o r  sump, w i t h  t h e  d i scharge  r a t e  be ing  s e t  t o  p r o v i d e  f a i r l y  
c o n s t a n t  cover  of t h e  pump s u c t i o n .  The upstream end of t h e  channe l  was 
f i t t e d  w i t h  w i r e  mesh s c r e e n s  t o  minimize d i s t u r b a n c e  o f  t h e  f low,  down- 
s t r e a m  from t h e  p o i n t  a t  which f low was in t roduced .  The s i d e w a l l s  of 
t h e  channel  were of smooth p a i n t e d  f i b e r g l a s s .  The bottom was of t h e  
same m a t e r i a l  w i t h  a w i r e  mesh glued t o  t h e  s u r f a c e  f o r  t h e  e n t i r e  wid th  
and l e n g t h  of t h e  channel.  To minimize h e a t  l o s s  from t h e  wate r  s u r f a c e  
t h e  e n t i r e  channel  top  was draped w i t h  c l e a r  p l a s t i c  s h e e t s .  These per-  
m i t t e d  e a s e  of a c c e s s  f o r  t a k i n g  measurements. 
The t e s t s  conducted i n  t h e  0 .98-f t  channel  a r e  summarized a t  
t h e  beg inn ing  of Appendix I. T e s t s  35 t o  59 s t u d i e d  a r r e s t e d  co ld  w a t e r  
i n t r u s i o n s .  For  t h e s e  t e s t s  t h e  mixing v a l v e  arrangement used f o r  t e s t s  
18-30 i n  t h e  6 - f t  channel  was now used t o  d e l i v e r  a warm w a t e r  supp ly  
through a d i f f u s e r  p l a c e d  behind t h e  s c r e e n s  a t  t h e  upstream end of  t h e  
0 .98- f t  channel .  The c o l d  w a t e r  i n t r u s i o n  was formed by supp ly ing  c i t y  
w a t e r  n e a r  t h e  bed a t  t h e  t a i l  box end of t h e  channel ,  The d e t a i l s  of 
t h e  method of  i n t roduc ing  t h i s  f low are i l l u s t r a t e d  i n  Fig .  4. The 
d i f f u s e r  was cons t ruc t ed  of 1/4- in .  p l e x i g l a s s  w i t h  t h e  flow in t roduced  
through a hose  i n  t h e ' c e n t e r  of t h e  downstream w a l l .  The volume between 
t h e  p l a t e  and t h e  bed was packed w i t h  rubber ized  h a i r .  C i ty  wa t e r  was 
used i n  p r e f e r ence  t o  sump wa te r  s i n c e  i t  was 5 C0  coo l e r .  
For t h e  s t udy  of a r r e s t e d  thermal  wedges t h e  c i t y  water supply  
was inadequa te  t o  supply  t h e  ambient f low. Head t ank  wa t e r  was i n t roduced  
t o  t h e  upstream end of t h e  channel  behind t h e  s c r eens  mentioned p r ev ious ly .  
A t  t h e  t a i l  box end of t h e  channel  warm w a t e r ,  ob ta ined  by mixing h o t  
wa t e r  from a nearby f a u c e t  w i t h  co ld  c i t y  w a t e r  u s ing  a s i n g l e  ITT Lawler 
PX-9700 mixing va lve ,  was supp l i ed .  The method of i n t r o d u c t i o n  i s  aga in  
i l l u s t r a t e d  i n  Fig.  4. Discharge was backwards t o  t h e  v e r t i c a l  w a l l  of 
t h e  d i f f u s e r  box through a l a y e r  of rubber ized  h a i r .  
To i n v e s t i g a t e  t h e  e f f e c t  of changes of bottom roughness a 
number of tests were  conducted i n  bo th  t h e  6-f t and 0.98-f t channels  
w i t h  t he  bed covered w i t h  pea  g r a v e l  ( s e e  Summary Table  i n  Appendix I). 
A s i e v e  a n a l y s i s  of g r a v e l  samples y i e l d e d  a mean g r a i n  s i z e ,  D50 = 0.315- 
i n s .  The average  t h i cknes s  of t h e  g r a v e l  l a y e r s  i n  b o t h  channels  w a s  
about  0.8-ins.  The g r a v e l  w a s  sp read  as uniformly as p o s s i b l e ,  For t h e  
a n a l y s i s  of exper imenta l  d a t a  t h e  e f f e c t i v e  l o c a l  f low dep th  was t aken  
t o  b e  t h e  dep th  from t h e  t op  of t h e  g r a v e l  l a y e r  t o  t h e  wa t e r  s u r f a c e  
p l u s  h a l f  of t h e  median g r a i n  s i z e  d iamete r .  The top of t h e  g r a v e l  l a y e r  
was e s t a b l i s h e d  by p l a c i n g  a 4-in. d iamete r  c i r c u l a r  p l a t e  of known th i cknes s  
on top of t h e  g rave l .  
Due t o  t h e  ve ry  low magnitude of  t h e  v e l o c i t i e s  encountered,  
p a r t i c u l a r l y  w i t h i n  t h e  wedges, i t  was no t  found p r a c t i c a l  t o  measure 
Tests  18-30 
6- f t  wide channel 
a r r e s t e d  thermal wedges 
smooth and rough bed 
Tes ts  35-38 
0.98-f t wide channel 
a r r e s t e d  cold water 
intrusions,mesh bed 
Tes ts  39-46 
0.98-ft wide channel 
a r r e s t e d  cold water 
intrusions,mesh bed 
Tes ts  47-59 
0.98-f t wide channel 
a r r e s t e d  cold water 
intrusions,rough bed 
Tes ts  60-79 
0.98-ft wide channel 
a r r e s t e d  thermal wedges 
mesh and rough bed 
Fig. 4 - Entrance Geometries f o r  In t roduct ion  of Wedge 
Flows 
v e l o c i t i e s .  Consequently t h e  d a t a  c o l l e c t i o n  c o n s i s t e d  of measurements 
of t empera tures ,  d i s cha rges ,  f low dep th s ,  l o c a t i o n  of n u l l  v e l o c i t y  p o i n t s ,  
and obse rva t i ons  of f low p a t t e r n s  by dye i n j e c t i o n .  
V e r t i c a l  t empera ture  p r o f i l e s  a l ong  t h e  wedges were measured 
u s ing  YSI 401 t h e r m i s t o r  probes .  These probes  have a t ime c o n s t a n t  of 
7 s e c s  and an i n t e r c h a n g e a b i l i t y  t o l e r a n c e  of + l C O  w i t h i n  a 0 t o  80°C 
range.  The probes  were moni tored us ing  a YSI model 46 te.le-thermometer 
which had an accuracy and r e a d a b i l i t y  of f 0. 5C0 and LO, 05C0 r e s p e c t i v e l y .  
For  a r r e s t e d  thermal  wedge measurements i n  t h e  6 - f t  wide channe l  
9 t h e r m i s t o r s  were f i t t e d  through 7mm. O.D. g l a s s  t ubes ,  The tubes  were 
b e n t  a t  90" s o  t h a t  t h e  t i p  f a ced  i n t o  t h e  ambient f low. The t i p  openings  
were s e a l e d  w i th  epoxy. The probes  were r i g i d l y  clamped t o  a h o r i z o n t a l  
p l a t e  a t  8-in. i n t e r v a l s  symmetr ical ly  about  t h e  channel  c e n t e r l i n e .  The 
clamping p l a t e  w a s  a l i g n e d  normal t o  t h e  ambient f low d i r e c t i o n  and 
suppo r t ed  by two p o i n t  gages a t t a c h e d  t o  t h e  ins t rument  c a r r i a g e .  The 
probes  were l e v e l l e d  and a l i g n e d  w i t h  r e s p e c t  t o  a  s t a g n a n t  water s u r f a c e .  
The i r  submergence w a s  measured t o  0.001-ft .  P r e l im ina ry  measurements 
i n d i c a t e d  t h a t  n o t  a l l  probes  were r e q u i r e d  t o  r e p r e s e n t  l a t e r a l  v a r i a -  
t i o n s  of temperature .  Consequently t h e  number of probes  w a s  reduced t o  
f i v e ,  spaced  s i x t e e n  i nches  a p a r t  and a g a i n  s e t  symmet r ica l ly  about  t h e  
channe l  c e n t e r l i n e .  The probe read ings  were used t o  e s t a b l i s h  an average  
va lue  f o r  t h e  s e c t i o n .  
I n  t h e  0 .98 - f t  channel  a  s i n g l e  v e r t i c a l  p r o f i l e  w a s  ob t a ined  
a t  t h e  c e n t e r l i n e  of t h e  channel  f o r  each  l o n g i t u d i n a l  s t a t i o n .  The 
t h e r m i s t o r  p robe  was passed down through a  copper tube  which r ep l aced  t h e  
p o i n t  on a s t a n d a r d  Lory P o i n t  Gage. The l e a d  then  passed  through t h e  
i n t e r i o r  of t h e  main body of t h e  p o i n t  and o u t  t h e  t op .  The probe  t i p  
was n o t  ben t  i n  t he  d i r e c t i o n  of t h e  ambient flow b u t  protruded v e r t i c a l l y  
below the  end of t he  copper tube ,  w i th  which i t  was n o t  i n  contac t .  The 
end of t h e  tube  was aga in  s ea l ed  w i th  epoxy. 
Ambient and wedge flow d ischarges  were measured us ing  elbow 
meters and o r i f i c e  meters which had been c a l i b r a t e d  i n  s i t u .  
Po in t s  of n u l l  v e l o c i t y  and wedge t i p s  were l oca t ed  by observing 
flow r e v e r s a l s .  For l o c a t i o n  of n u l l  v e l o c i t y  po in t s  a  s o l u t i o n  of 
potassium' permanganate was oozed through a  hypodermic needle  under t h e  
a c t i o n  of g r a v i t y .  The i n j e c t o r  was f i x e d  t o  a po in t  gage t o  monitor 
submergences. It was gene ra l l y  q u i t e  d i f f i c u l t  t o  f i n d  t h e  n u l l  po in t  
a t  s e c t i o n s  ' c lose  t o  t he  i n j e c t i o n  p o i n t  f o r  t he  wedge f l u i d  due t o  vigor-  
ous mixing between t h e  two l a y e r s  i n  t h a t  v i c i n i t y .  The wedge t i p s  could 
be l oca t ed  accu ra t e ly  by dropping potassium permanganate c r y s t a l s  i n  the  
flow. 
Flow depths  were obtained us ing  po in t  gages which could be  read 
t o  0.001 f t .  I n i t i a l l y  g rave l  l a y e r  th icknesses  were measured a t  var ious  
s t a t i o n s  using t h e  p l a t e  mentioned prev ious ly  t o  determine t h e  top of 
the  l a y e r .  During a c t u a l  t e s t s  t h e  s t anda rd  p o i n t  was rep laced  by a  
much f i n e r  one which could be forced  through the g rave l  l a y e r  t o  l o c a t e  
t h e  channel bed. The d i s t ance  from t h e  water  s u r f a c e  t o  t h e  bed was thus 
measured d i r e c t l y  and t h e  e f f e c t i v e  depth of flow, a s  def ined  e a r l i e r ,  
found by s u b t r a c t i o n  of t h e  g r a v e l  l a y e r  th ickness .  
I n  o rde r  t o  c a l i b r a t e  t h e  roughness of the  pea g rave l  i n  s i t u  
i n  both channels,  t o  e s t a b l i s h  t h a t  t h e  6- f t  channel indeed behaved a s  
though t h e  wa l l s  and bed were smooth i n  t he  absence of g r a v e l ,  and t o  
c a l i b r a t e  t h e  roughness of t h e  wi re  mesh on the  bed of t h e  0.98-ft  wide 
channel a  number of tests were conducted f o r  u n s t r a t i f i e d  f lows,  us ing  
discharges  w e l l  above those  encountered i n  t h e  wedge s t u d i e s .  Water s u r f a c e  
p r o f i l e s  , r e f e r r e d  t o  s t agnan t  h o r i z o n t a l  water  s u r f  aces ,  were measured, 
t oge the r  w i th  flow depths.  I n  t h e  6 - f t  channel a  v e r t i c a l  t u rb ine  pump 
d e l i v e r i n g  about 9  c f s  provided t h e  d ischarge  which w a s  measured i n  a c a l i -  
\ 
bra t ed  volumetr ic  bas in  below t h e  t a i l  ga t e .  This had a capac i ty  of 1323 
cubic  f e e t .  I n  t h e  0.98-ft  wide channel a closed r ecyc l ing  l i n e  w i t h  a 
15 HP Crane Co. Deming pump, d ischarg ing  through a  c a l i b r a t e d  o r i f i c e  
meter provided the  necessary discharge.  
I n  the  6-f t channel an average s u r f a c e  s l o p e  was e s t a b l i s h e d  and 
used t o  compute t h e  f r i c t i o n  f a c t o r .  I n  t he  0.98-ft  channel t h e r e  were 
s u f f i c i e n t  l o n g i t u d i n a l  v a r i a t i o n s  t h a t  t h e  channel was subdivided i n t o  
a  number of l o n g i t u d i n a l  segments and t h e  f r i c t i o n  f a c t o r  computed f o r  
each. An average va lue  was then used f o r  t h e  e n t i r e  channel. The ca lcu la-  
t i o n s  took i n t o  account and co r rec t ed  f o r  w a l l  shear  a s  ou t l i ned  i n  Eqs. 
53  through 65. I n  t h i s  case  the  absence of s t r a t i f i c a t i o n  s'omewhat s impli-  
f i e d  t h e  procedure. Equating a r e a s ,  a s  i n  t he  development of Eq. 53 now 
y i e l d s  
The Darcy-Weisbach equat ion y i e l d s  
i n  which f  and R a r e  o v e r a l l  s e c t i o n  va lues .  Thus 
R = BH/(B+2H) 
Combining the  above equat ions i t  may be  shown t h a t  
H H f b  = (1+2 g) f  - 2 - f  B w  (90) 
For smooth w a l l s  f  ma$ be  ca l cu l a t ed  us ing  Eq. 64, wi th  kw = 0 ,  o r  f o r  
W 
Re  < lo5,  us ing  Eq. 65. Since f  and R a r e  known from t h e  measurements, 
W 
% may now be  found from Eq. 88. F i n a l l y  wi th  Reb = ~ u % / v ,  Eq. 64 may 
b e  used t o  s o l v e  f o r  . The r e s u l t s  f o r  the  var ious  channels a r e  l i s t e d  kb 
on t h e  f i r s t  page of Appendix I. 
The apparent  d i f f e r e n c e  between kb f o r  pea g r a v e l  i n  t h e  6- f t  
and the  0.98-ft wide may r e f l e c t  d i f f e r ences  i n  l i n e a r i t y  of t h e  bed. 
The apparent  d i f f e r e n c e  i s  s u b s t a n t i a l l y  modified by the  logar i thmic  
r e l a t i o n s h i p  i n  Eq. 64, y i e l d i n g  c l o s e r  va lues  of f  f o r  t he  same R and 
Re than one might a t  f i r s t  glance expect.  
IV-2. Typica l  Experimental Procedure 
( i )  The ambient flow depth was set by a d j u s t i n g  e i t h e r  t h e  t a i l  
ga t e  f o r  the 6 - f t  channel,  o r  t h e  skimming box f o r  t he  0.98-ft channel,  
whi le  a t  t h e  same time ad jus t i ng  the  d i scharge  t o  ob t a in  a  d e s i r e d  Reynolds 
number. I n  t he  6 - f t  channel t he  flow depth was gene ra l l y  kep t  cons tan t  
and t h e  flow va r i ed .  The ambient temperature was checked. 
( i i )  The wedge flow was turned on and i ts  temperature s e t  t o  
ob t a in  a  des i r ed  temperature d i f f e r e n c e  ( In  t he  case  of a r r e s t e d  cold 
water  wedges t h e  ambient temperature was ad jus t ed ) .  Since Majewski's (21) 
tests i n d i c a t e d  l i t t l e  dependence on wedge flow d ischarge  no at tempt  was 
made t o  vary wedge flow discharges sys t ema t i ca l l y .  
( i i i )  The flow was permi t ted  t o  develop f o r  30 t o  60 minutes,  
depending upon t h e  expected wedge length .  The wedge t i p  l o c a t i o n  was then 
checked f r equen t ly  t o  determine i f  t h e  flow was s t a b i l i z e d .  
( i v )  Once t h e  f low became s t eady ,  v e r t i c a l  temperature t r a v e r s e s  
were taken,  proceeding towards t h e  wedge t i p .  Determination of n u l l  veloc- 
and flow depth w a s  made a t  each c ros s  s e c t i o n  immediately upon completion 
of t h e  v e r t i c a l  temperature t r ave r se .  Depending on wedge l eng th ,  two t o  
seven c ros s  s e c t i o n a l  t r a v e r s e s  were made. 
(v) Mixing va lve  temperatures ,  d i scharge  meter manometers and 
wedge t i p  l o c a t i o n  were monitored a t  f i f t e e n  t o  t h i r t y  minute i n t e r v a l s  
f o r  t h e  du ra t ion  of t h e  t e s t .  Overa l l  averages were used f o r  d a t a  a n a l y s i s .  
The e n t i r e  t e s t  procedure gene ra l ly  l a s t e d  f o r  about f o u r  hours.  
V. ANALYSIS AND RESULTS 
V-1. Analysis  of Experimental Data 
A c o n s i s t e n t  method f o r  de f in ing  wedge th ickness  was sought which 
would never r e s u l t  i n  l o c a l  va lues  of dens imet r ic  Froude number a t  t h e  
downstream s t a t i o n  i n  excess  of un i ty .  The method f i n a l l y  s e l e c t e d  f o r  
t h e  f i n a l  a n a l y s i s  of t h e  d a t a  was t o  prepare  p l o t s  of AT/AT versus  
max 
(H-y)/H. Here T = temperature ,  AT = T - T and ATmax = T - 
min ' max Tmin' 
wi th  Tmax = maximum temperature and T = minimum temperature.  A 
min 
s t r a i g h t  l i n e  was f i t t e d  t o  t h e  d a t a  f o r  a p a r t i c u l a r  p r o f i l e  wi th  par- 
t i c u l a r  emphasis on t h e  d a t a  p o i n t s  i n  t h e  range 0.20 < AT/AT < 0.80. 
max 
For t h e  d e f i n i t i o n  of t h e  a r r e s t e d  thermal wedge t h i s  s t r a i g h t  l i n e  was 
pro jec ted  t o  t h e  r i g h t  a x i s  (AT/AT = 1)  and the  i n t e r c e p t  def ined t o  
max 
be  t h e  i n t e r f a c e .  For an a r r e s t e d  cold water i n t r u s i o n  t h e  analogous 
procedure was t o  p r o j e c t  the  l i n e  t o  t he  l e f t  a x i s  (AT/AT = 0) .and 
rnax 
d e f i n e  t h i s  i n t e r c e p t  t o  be  t he  i n t e r f a c e .  
Following such d e f i n i t i o n s  of t he  i n t e r f a c e  t he  dimensionaless 
p l o t s  shown i n  Fig.  5 and Fig.  6 were prepared f o r  a r r e s t e d  thermal 
wedges and a r r e s t e d  cold water i n t r u s i o n s  r e spec t ive ly .  It w i l l  be  
noted from Fig. 5 t h a t  t he  temperature p r o f i l e s  taken i n  t h e  6- f t  
channel v i r t u a l l y  co l l apse  i n t o  a s i n g l e  curve when p l o t t e d  i n  t h i s  
manner, whereas t he  d a t a  f o r  t h e  narrower 0.98-ft wide vary wi th  aspec t  
r a t i o  of t h e  flow c ros s  s ec t i on .  For a p a r t i c u l a r  wedge t h e r e  is a 
c o n s i s t e n t  t r end  wi th  B/h However t h e r e  is no apparent  consis tency 2 ' 
with  B/h when s e v e r a l  d i f f e r e n t  wedges a r e  compared. The d a t a  f o r  2 
a r r e s t e d  cold water i n t r u s i o n s  shown i n  Fig.  6 a l s o  e x h i b i t  v a r i a t i o n s  
wi th  flow c ros s  s e c t i o n  aspec t  r a t i o .  
A comparison was made between t h e  v e r t i c a l  p o s i t i o n  of n u l l  
. v e l o c i t y  p o i n t s  and i n t e r f a c e  p o s i t i o n  a s  def ined  above. For t h e  
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Fig. 6 - Dimensionless Temperature Profiles for Arrested Cold 
Water Intrusions 
a r r e s t e d  thermal wedge t h e  measured n u l l  p o i n t s  were gene ra l ly  found t o  
f a l l  s l i g h t l y  below t h e  defined i n t e r f a c e  i n  t h e  0.98-ft  wide flume and 
t o  be gene ra l ly  co inc ident  w i th  i t  i n  t h e  6- f t  wide flume. For a r r e s t e d  
cold water  i n t r u s i o n s  the  measured n u l l  p o i n t s  were found t o  l i e  above 
t h e  def ined  i n t e r f a c e .  I n  a l l  cases  t h e r e f o r e  t he  wedge d e f i n i t i o n  w i l l  
n o t  r e s u l t  i n  zero v e r t i c a l l y  averaged h o r i z o n t a l  v e l o c i t y  i n  t h e  wedge. 
However, s i n c e  t h e  v e l o c i t i e s  i n  t h e  wedges a r e  gene ra l ly  smal l  i t  is  t o  
be expected t h a t  assumption of zero average v e l o c i t y  i n  t h e  mathematical 
a n a l y s i s  i s  a  reasonable approximation. 
During pre l iminary  a n a l y s i s  average wedge temperatures  were 
found by planimeter ing t h e  temperatures above and below t h e  def ined  
i n t e r f a c e .  This  procedure proved t o  be lengthy  and ted ious  and was 
abandoned f o r  l a t e r  analyses .  I n  t h e  a n a l y s i s  presented  h e r e i n  t h e  
v e r t i c a l l y  averaged a r r e s t e d  thermal  wedge temperature was approximated 
using T and the  v e r t i c a l l y  averaged underflow temperature using T 
max min ' 
For t h e  a r r e s t e d  co ld  water  i n t r u s i o n  t h e  v e r t i c a l l y  averaged wedge 
temperature was approximated by T and t h e  v e r t i c a l l y  averaged overflow 
min ' 
temperature by T . Values of d e n s i t y  f o r  water  were computed from 
max 
Ref. 34 us ing  1 gm/cc = 0.999967 gm/ml. Values of kinematic  v i s c o s i t y  
were taken from Ref. 6, 
For t he  b e n e f i t  of readers  who might wish t o  de f ine  t h e  i n t e r -  
f a c e  and eva lua t e  r e p r e s e n t a t i v e  temperatures d i f f e r e n t l y  t h e  temperature 
t r a v e r s e  d a t a  a r e  presented  i n  Appendix I. 
The d e t a i l s  of t he  a n a l y s i s  of t h e  d a t a  w i l l  be descr ibed  f o r  
t he  a r r e s t e d  thermal  wedge. The a n a l y s i s  f o r  a r r e s t e d  cold water  
i n t r u s i o n s  was c a r r i e d  out  i n  s i m i l a r  f a sh ion  using t h e  app ropr i a t e  
equat ions  presented i n  Chapter 111. 
Two genera l  methods of eva lua t ion  were followed, one averaging 
over t h e  e n t i r e  wedge length ,  and t h e  o t h e r  analyzing s p e c i f i c  longi-  
t u d i n a l  s e c t i o n s  of a wedge t o  eva lua t e  l o c a l  va lues  of t h e  parameters.  
For both  methods of eva lua t ion  f o r  t h e  a r r e s t e d  thermal wedge 
Eq. 5 1  was used. The more involved procedure was t o  eva lua t e  v a r i a t i o n s  
along t h e  wedge. Proceeding i n  t h e  p o s i t i v e  x d i r e c t i o n  toward t h e  
wedge t i p  t h e  d a t a  were used t o  determine t h e  l o c a t i o n  of t h e  i n t e r f a c e  
l o c a t i o n  a t  two l o n g i t u d i n a l  s t a t i o n s .  The region between these  
s t a t i o n s  w i l l  be  r e f e r r e d  t o  a s  t he  reach. The end va lues  of tempera- 
t u r e  were used t o  de f ine  an average value of ; p2 and hence Ap f o r  1 ' 
t h e  reach. A constant  average va lue  of H was used over t h e  e n t i r e  wedge. 
The densimetr ic  Froude number may be w r i t t e n  
Thus t h e  l o c a l  va lue  of n is used and a l l  o the r  va lues  a r e  cons tan ts  o r  
averages f o r  t h e  reach. The q u a n t i t i e s  ,dp /d r  and dc /d r  were evaluated 1 2 
by assuming l i n e a r  v a r i a t i o n  between t h e  end va lues  f o r  t h e  reach. To 
begin t h e  computation a va lue  of f  f o r  t h e  reach was guessed, n was i 
changed by a small  increment ( f o r  which d r  was t o  be c a l c u l a t e d ) ,  f  
W 2 
and f were guessed, R , ,  Reb, R and Re then computed using Eqs. 58, b W2 W 2 
59, 60 and 61. By s u b s t i t u t i o n  i n  Eq. 64 new guesses f o r  f  and f b  
2 
were obtained.  This  procedure was repeated u n t i l  two success ive  
eva lua t ions  of f  o r  f b  va r i ed  by l e s s  than 0.0005, n was then 
W2 
incremented and t h i s  process repeated.  The procedure was continued u n t i l  
t h e  sum of t h e  increments i n  n t o t a l l e d  t h e  d i f f e r e n c e  i n  n between t h e  
two ends of t h e  reach. The computed va lue  of d r  f o r  t h e  reach was then 
compared with t h e  measured va lue .  I f  t h e  d i f f e r e n c e  was l e s s  than 
one-half pe r  cent  t he  guess of f  was accepted a s  c o r r e c t .  Otherwise, i f  i 
t h e  ca l cu la t ed  l eng th  was t o o  long,  t he  guess f o r  f  was increased ,  i f  i 
too  s h o r t  i t  was reduced and t h e  c a l c u l a t i o n  repea ted  u n t i l  t h e  t e s t  
was met. The f i n a l  r e s u l t  was then  taken a s  y i e ld ing  va lues  of f  f  i' w2' 
f b ,  Ri9 Re and Re f o r  t h e  reach.  
2  b 
For t h e  eva lua t ion  of average va lues  of f  f o r  t h e  wedge over i 
t h e  reg ion  from t h e  fur thermost  downstream measurement s t a t i o n  and t h e  
wedge t i p  (TI = I ) ,  Eq. 51 was s i m p l i f i e d  by s e t t i n g  dp / d r  = dp2/dr = 0. 1 
A simple average of t h e  va lues  of p and p a t  t h e  l o n g i t u d i n a l  measure- 1 2 
ment s t a t i o n s  was used. The computation proceedure was otherwise 
s i m i l a r  t o  t h a t  descr ibed  above. 
V-2. Resu l t s  and Discussion 
Fig. 7  shows a  comparison between l o c a l  va lues  of f  and average i 
values  of f .  f o r  t he  wedges, computed by the  two d i f f e r e n t  techniques 
1 
descr ibed  i n  t h e  previous s e c t i o n .  It is  evident  from t h e  f i g u r e  t h a t ,  
p a r t i c u l a r l y  f o r  a r r e s t e d  cold water  i n t r u s i o n s ,  t h e  l o c a l  v a r i a t i o n  of 
f  i s  s o  g r e a t  t h a t  use of an , ave rage  va lue  t o  desc r ibe  the  wedge behavior  i 
is  ques t ionable .  The terms inc luding  dp / d r  and dp / d r  i n  t h e  denominator 1 2 
of Eq. 50 a r e  q u i t e  s i g n i f i c a n t  i n  determining the  va lue  of t h e  l o c a l  
shea r  s t r e s s  c o e f f i c i e n t .  These were compared t o  t h e  po r t ion  of t h e  
denominator which remains when they a r e  dropped. For t h e  0.98-ft  wide 
channel they gene ra l ly  ranged i n  magnitude up t o  a t  most 20% of t h e  
remaining term. For t h e  6-f t  wide channel they were gene ra l ly  10 t o  20% 
of t h e  remaining term b u t  were f r equen t ly  a s  h igh  a s  45%, and i n  one case  
71%. The d a t a  f o r  t he  6-f t  channel ,  however, r e f l e c t  t h e  r a t h e r  long 
time r equ i r ed  t o  c o l l e c t  d a t a  a t  a  s e c t i o n  be fo re  moving on t o  t h e  next  
s e c t i o n .  During t h i s  per iod  t h e  ambient temperature of t h e  sump system 
was increas ing:  Consequently t he  d a t a  r e f l e c t  t h e  e f f e c t s  of 

uns teadiness  a s  w e l l  a s  non-uniformity. No e f f e c t i v e  method was found f o r  
s e p a r a t i n g  t h e  two e f f e c t s  and thus  a l l  v a r i a t i o n s  of p with  d i s t a n c e  
along t h e  wedge have been incorpora ted  i n  t h e  terms involv ing  dp /d r  and 1 
dp2/dr.  Consequently c o r r e l a t i o n s  have been sought between l o c a l  va lues  
of f i  and l o c a l  va lues  of o t h e r  parameters.  
Fig. 8 shows a p l o t  of l o c a l  va lues  of f  versus  l o c a l  va lues  of i 
i n t e r f a c i a l  Reynolds number = 4u R / v ,  with  j r e f e r r i n g  t o  t h e  moving j i 
l a y e r .  For a r r e s t e d  thermal wedges t h e  t r end  f o r  F based on U and H A ' 
and an average va lue  of A p / p  over  t h e  l eng th  of t h e  wedge, is  ind ica t ed .  2 
The d a t a ,  when presented i n  t h i s  way, show t r ends  q u i t e  d i f f e r e n t  from 
those  expected (1 ) .  The f r i c t i o n  f a c t o r  f o r  any d a t a  s e t  w i th  t h e  same 
FA, bed roughness,  channel width and wedge type appears  t o  i nc rease  wi th  
Reynolds number ( a s  is  the  case f o r  corrugated condui t ) .  
The i n t e r f a c i a l  f r i c t i o n  f a c t o r s  ob ta ined  i n  t h e  0.98-ft wide 
channel f o r  a r r e s t e d  thermal wedges a r e  h ighe r  than  those  f o r  t h e  6-f t  
wide channel.  This  may, however, be dependent on t h e  v a l i d i t y  of t h e  
technique used t o  s e p a r a t e  s idewa l l  e f f e c t s ,  o r  t o  t h e  inco rpora t ion  of 
d e n s i t y  changes wi th  time i n  t h e  terms involv ing  dp / d r  and dp /d r .  Both 1 2 
s e t s  of d a t a  i n d i c a t e  t h a t  f o r  t h e  a r r e s t e d  thermal  wedge t h e  l o c a l  
i n t e r f a c i a l  f r i c t i o n  f a c t o r  was s i g n i f i c a n t l y  h ighe r  when t h e  lower 
boundary was roughened wi th  pea g rave l .  I n  t h e  case  of cold water  in-  
t r u s i o n s  i n  t h e  0.98-ft  channel t h e r e  is  no apparent  d i f f e r e n c e  i n  
behavior  depending on t h e  roughness of t h e  channel bed. The l o c a l  
f r i c t i o n  f a c t o r s  f o r  a r r e s t e d  cold water  i n t r u s i o n s  a r e  considerably 
lower than  those  f o r  a r r e s t e d  thermal wedges a t  corresponding va lues  of 
t h e  l o c a l  Reynolds numbers. 
Fig. 9 shows t h e  c o r r e l a t i o n  between l o c a l  va lues  of f  and a i 
l o c a l  Reynolds,number-densimetric Froude number combination t o  e l i m i n a t e  


2 l e n g t h  s c a l e  a k i n  t o  t h e  F  R e  combination d i scussed  e a r l i e r .  Here t h e  A  
-3 A p  
combination = u. / (_  g  v ) ,  i n  which j r e f e r s  t o  t h e  moving l a y e r .  Another 
1 
2 
combination which w a s  examined based t h e  dens ime t r i c  Froude number on t h e  
depth of t h e  moving l a y e r ,  and t h e  Reynolds number on t h e  h y d r a u l i c  r a d i u s  
a s s o c i a t e d  w i th  t h e  i n t e r f a c e ,  the reby  i n t roduc ing  a "shape" f a c t o r  
Ri/hj. Th i s ,  however, y i e lded  a  d e t e r i o r a t i o n  i n  c o r r e l a t i o n ,  compared 
t o  t h a t  shown i n  F ig .  9. The d a t a  i n  Fig .  9  e x h i b i t  t h e  same d i s t i n c t i o n s  
between 6 - f t  wide flume, 0.98-ft  wide flume, rough bed, mesh bed o r  smooth 
bed,  and a r r e s t e d  thermal  wedges o r  a r r e s t e d  co ld  water i n t r u s i o n s  a s  i n  
Fig.  8. There i s  a gene ra l  d e c l i n i n g  t r e n d  i n  f  w i t h  i n c r e a s i n g  va lue s  i 
of t h e  a b s c i s s a .  The c o r r e l a t i o n  ob ta ined  i s ,  however, markedly 
d e t e r i o r a t e d  from t h a t  ob ta ined  i n  F ig .  8. 
S ince  l o c a l  . c o r r e l a t i o n s  f o r  f r i c t i o n  f a c t o r  would be  d i f f i c u l t  
t o  use  f o r  de s ign  purposes  t h e  r e l a t i o n s h i p  between average va lue s  of f i  
f o r  t h e  wedges and r e a d i l y  eva lua t ed  o v e r a l l ~ f l o w  parameters  w i l l  be  
p resen ted .  As po in t ed  o u t  earlier, however, t h e  wide v a r i a t i o n  of f .  over  
1 
t h e  wedge r ende r s  t h e  u se  of average va lue s  ques t i onab l e .  
Fig .  10 p r e s e n t s  v a r i a t i o n  of average v a l u e s  of f i  w i t h  a  
Reynolds number based on h y d r a u l i c  r a d i u s  f o r  t h e  channel  UR/V o r  Re R/H. 
For two dimensional  f lows R/H equa l s  1 and t h e  Reynolds number is based 
on o v e r a l l  f low depth.  Eq. 73 and Eq. 78 f o r  two-dimensional laminar  
wedge f lows a r e  p l o t t e d  on Fig.  10.  The range of o v e r a l l  Reynolds numbers 
i n  t h e  narrow channel  and t h e  wide channel  i s  s u f f i c i e n t l y  small t h a t  no 
c l e a r  t r e n d  w i t h  Reynolds number may b e  d i s t i n g u i s h e d .  The f r i c t i o n  
f a c t o r s  f o r  a r r e s t e d  thermal  wedges over  rough beds are aga in  h ighe r  than  
f o r  t hose  above smooth beds i n  bo th  t h e  narrow and wide channels .  There 
i s  no c l e a r  d i f f e r e n c e  i n  behavior  depending on bed roughness f o r  a r r e s t e d  
co ld  water i n t r u s i o n s .  
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Fig .  11 shows t h e  v a r i a t i o n  of average  i n t e r f a c i a l  f r i c t i o n  
f a c t o r s  f o r  t h e  wedges w i t h  t h e  Reynolds number-densimetric Froude number 
3 A P  combination = U /(- g v ) .  The f r i c t i o n  f a c t o r s  g e n e r a l l y  d e c l i n e  w i t h  
- 
2 i n c r e a s i n g  magnitude of t h e  a b s c i s s a  f o r  d a t a  i n  a g iven  channel .  Again,  
i n  b o t h  channe l s  f r i c t i o n  f a c t o r s  f o r  a r r e s t e d  the rmal  wedges above 
rough beds  a r e  s e e n  t o  b e  g e n e r a l l y  h i g h e r  t h a n  f o r  t h o s e  above smooth 
beds .  No corresponding d i s t i n c t  d i f f e r e n c e  i n  behav ior  is e v i d e n t  f o r  
a r r e s t e d  c o l d  wa te r  i n t r u s i o n s .  
F ig .  12  shows t h e  v a r i a t i o n  of wedge l e n g t h ,  L ,  measured from 
t h e  v e r t i c a l  w a l l  of t h e  wedge f low i n l e t  ( s e e  F ig .  4) t o  t h e  wedge t i p  
2 2 Ap 
w i t h  an o v e r a l l  d e n s i m e t r i c  Froude number, FA = U / (- g H) . A p / i 2  i s  
- 
2 
a s imple  average  of t h e  v a l u e s  a t  t h e  v a r i o u s  measuring s t a t i o n s  a l o n g  
t h e  wedge. T h i s  f i g u r e  a g a i n  i l l u s t r a t e s  t h a t  t h e r e  is no d i s t i n g u i s h a b l e  
d i f f e r e n c e  i n  behav ior  of a r r e s t e d  c o l d  w a t e r  i n t r u s i o n s  w i t h  d i f f e r e n c e s  
i n  bed roughness.  The d a t a  f o r  a r r e s t e d  c o l d  w a t e r  i n t r u s i o n s  p l o t  about 
a l i n e  which has  a s l o p e  very  c l o s e  t o  t h a t  observed by Keulegan (18) f o r  
a r r e s t e d  s a l t  wedges (exponent -512). A l i n e  w i t h  t h e  s l o p e  observed by' 
Keulegan i s  p l o t t e d  on t h e  f i g u r e  f o r  comparat ive  purposes .  The d a t a  
f o r  a r r e s t e d  the rmal  wedges, however t e n d  t o  f a l l  around l i n e s  of 
d i f f e r e n t  s l o p e .  The l i n e s  f o r  rough and smooth bed a r e  c l o s e  t o  be ing  
p a r a l l e l ,  w i t h  t h e  s h o r t e r  wedges o c c u r r i n g  f o r  t h e  rough bed c a s e  i n  
b o t h  t h e  0 .98-f t  wide and 6 - f t  wide channels .  It is noteworthy t h a t  
t h e r e  is s u b s t a n t i a l  v a r i a t i o n  i n  s l o p e  w i t h  v a r i a t i o n  i n  channel  width .  
Keulegan (18) o b t a i n e d  t h e  same s l o p e  f o r  a number of d i f f e r e n t  a s p e c t  
r a t i o s  i n  h i s  s t u d y  o f  a r r e s t e d  s a l t  w a t e r  i n t r u s i o n s .  H i s  a n a l y s i s  f o r  
v e r y  wide channe l s ,  however, proceeded from an exper imenta l  e v a l u a t i o n  
of stresses and a t h e o r e t i c a l  g e n e r a l i z a t i o n  of them. 
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Fig. 12 - Variation of Wedge Length with Overall 
Densimetric Froude Number 
Fig. 1 3  shows dimensionless  p l o t s  of t he  wedge shapes. Leas t  
squares  cubic curves have been f i t t e d  t o  t h e  d a t a  f o r  i l l u s t r a t i v e  
purposes. There is  l i t t l e  o r  no d i s t i n c t i o n  i n  wedge shape depending on 
bed roughness f o r  e i t h e r  form of wedge. The shapes do e x h i b i t  some 
v a r i a t i o n  wi th  channel width. The dashed l i n e  r ep re sen t s  t he  average 
shape of a r r e s t e d  thermal wedges f o r  both channel widths.  
x/L 
~ i g .  13 - Dimensionless Arrested Wedge Profiles 
m TFSTS 18 - 2s 
X TESTS 27 - 30 
A TESTS 35 - 46 
# TESTS 47 - 59 
* TFSTS 60 - 71 
0 TESTS 72 - 79 
Tests 60 to 79 
ARRESTED THERMAL WEDGES 
Combination: Tests 18 to 30 
and 60 to 79 
Cn 
m 
Tests 18 to 30 
ARRESTED COLD WATER INTRUSIONS 
Tests 35 to 59 - 
11exano ue snsxan y38ua1 aspan 30 s~o~d ssa1uoysuamya '8 
sp10udax 'xaqmu apnoxd ayx3aurysuap pa01 e y3ym uey~ xaqurnu sp1oudax 
.auaInqxnJ sy mo~j uaym y~pym aures ay3 go 
~auueya moxxeu e uy uoysnx3uy xawm p1oa pa3saxxe ue xog 3ey3 spaaaxa a8pam 
1euuay3 pa3saxxe ue xoj xo3aej uoy~ayx3 1eyaejxaauy ay3 uoy~ypuoa paq 
pue 'xaqumu apnoxd ayx~aurysuap 'xaqumu sp1oudax aures ay3 206 *g 
*suoysnxJuy xaJem p1oa pa3saxxe xoj 3aa33a 3ueayjyu8ys 
ou sey 3nq sa8pam puuay3 pa3saxxe xog xoaaej uoy~ayxj 1syaejxa~uy 
uy aseaxauy ue uy s31nsax ssauq8nox paq uy aseaxauy uv '5 
*xaqmnu sp1oudax 1eao1 Zuyseaxauy 
y~ym aseaxauy sxo3aej uoy~ayxj 1eyaegxa~uy pa01 3ey3 a~eaypuy e3ep aqL 
*aaejxa~uy ay3 y3ym pa3eyaosse snypex ay~nexpdq aq3 pue xadq 8uynom ay3 jo 
.63yao1an ay3 uo paseq xaqurnu sp1oudax 1~301 pue xo3aej uoy3ayx~ 1eyaegxa3uy 
30 sanpn 18301 uaam3aq pauyeJqo sem uoy3e1axxoa poog *p 
*xo~aej uoy~ayxj 1eyaegxa~uy ay3 jo uoyaen1ena ay3 uy 3aajja 
~ueayjyu8ys e aney a8pam ay3 8uo1e d~ysuap uy suoy~eyxefl -€ 
*s~aajja 11emapys jo uoy~exedas xoj pasn 
poq3am ay3 jo d~ypy~en ay3 pue uoy3yuyjap a8pan ay3 uo ~uapuadap dxan 
aq dem a8pam pa3saxxe ue SUO~B xo~aej uoy3ayxj 30 sanpfl *z 
*a1qeuoy3sanb san1en a8exane jo asn %uyyem 'a8pam pa3saxxe ue 8uo1e xo3aej 
uoy~aylj 1syaejxa~uy go uoy~eyxen a~qexapysuoa sy axaqL '1 
thermal wedges s h i f t  with bed roughness and their  slope changes with 
channel width. 
9 .  Dimensionless or a f f ine  wedge shapes show l i t t l e  e f f e c t  
of bed roughness. The arrested thermal wedge shapes are dependent on 
channel width. 
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APPENDIX I 
EXPERIMENTAL DATA 
SUMMARY OF TEST CONDITIONS 
Channel Bed 
Tes ts  Width, f t .  Condition 16, f t *  
18-25 6 Smooth - 
27-30 6 Pea g rave l  0.039 
35-46 0.98 Wire mesh 0.010 
47-59 0.98 Pea g rave l  0.051 
60-71 0.98 Pea g rave l  0.051 





Cold water  
Cold water  
Thermal 
Thermal 
Sidewalls  were smooth f o r  a l l  tests 
TEST-18: H - 0.990 f t .  L - 35.0 f t .  Qa - 0.775 c f e ,  9, - 26 gpm 



























n u l l  - .074 









































n u l l  - .081 
TEST-20: E - 0.995 f t .  
TEST-20 (Continued) 












n u l l  - .I19 
L -  63.0 f t ,  QL1- 0.690 c f e ,  9,- 27 gpm 
~ ( f t )  ~ - y ( i t )  T(OC) ~ ( r t )  a + f t )  
20. 0.00 32.30 32. 0.00 
.02 32.65 .02 
-05 32.70 .05 
.09 32.70 .09 
.14 32.70 -14 
.19 32.60 .17 
.22 32.10 .19 
.25 30.60 .21 
.27 27.80 .23 
.29 24.40 .26 
.32 21.75 .29 
.39 21.00 .34 
.49 20.95 .39 









n u l l  - .079 








































null - .094 
























null - .071 














null - .I71 
TEST-23 (Continued) 























































null - .I52 



















































n u l l  - .203 
x ( f t )  a-y ( f t )  
.25 
.30 
n u l l  - -101 
Q,, - 22.5 gpm 















n u l l  - -168 

















n u l l  - .131 













































n u l l  - .090 


































n u l l  - .213 
TEST-28 (Continued) TEST-29: R - 1.018 f t ,  L - 38.0 f t  













































n u l l  - .I77 
TEST-29 (Continued): Qa - 0.780 c f r ,  Ql m 26.5 gpm 
























n u l l  - .095 
TEST-30: H - 1.020 f t ,  L - 52.5 f t .  Qa - 0.725 c f s .  g - 22 gpm 
~ ( r t )  H - Y c ~ ~ )  TCOC) ~ ( f t )  ~ - ~ ( f t )  T(OC) ~ ( f t )  a-y (f t )  
TEST-36: H - 0.631 f t ,  L - 63.6 f t .  Qa - 0.060 c f s  , 9 - .0146cfa 
x ( f t )  ~ - y ( f t )  TCOC) ~ ( f t )  EI-Y(~ t ) TC'C) x ( f t )  ny(ft)  TC'C) 
TEST-36 (Continued) TEST-37: B - 0.630 f t .  L - 92.8 f t .  , - -0146 cfs  
TEST47 (Continued): Qa - 0.055 c f s  
TEST-37 (Continued) 
TEST-38: H - 0.665 f t ,  L - 51.2 f t .  Q - 0.064 c f s ,  & 1 .0146 cfs 
TEST-38 (Continued) 
TEST-39: H - 0.378 f t ,  L - 19.6 f t ,  Q a l  0.034 c f s .  & -0146 cfs 
x(f t )  A - ~ ( f t )  











n u l l  - .361 
TEST-40: E - 0.439 f t ,  
























n u l l  - -377 













n u l l  - .319 













n u l l  - -350 
TEST-41: E - 0.485 f t ,  













n u l l  - .255 
















n u l l  r .386 
TEST-42: E - 0.442 f t ,  L - 17.3 f t ,  Q a -  0.049 cfs, QI - .0146 cfs 


















n u l l  - .389 
















n u l l  - .380 
17.7 f t .  Qg - 0.051 cfs,  m .0146 cfs  






























n u l l  - .SO5 













n u l l  - -546 

















n u l l  - .378 
.635 
n u l l  - .468 
TEST-44 (Continued): Qa - 0.051 cfs,  Q,, - .0146 cfs  
















n u l l  - .523 















n u l l  - .577 
TEST-45: H - 0.544 f t .  L - 54.5 f t ,  Qa = 0.05 cfs, 9, - 































n u l l  - -428 
.0146 cfs  













n u l l  - .b70 
TEST-46: E - 0.518 f t .  L - 42.0 f t .  Q a -  0.05 cfs, 9, - -0146 cfs 
~ ( f t )  a-y(ft) TC'C) x(ft) ~ - y ( f t )  T('c) x(f t) ~ - y ( f t )  














n u l l  - .361 













n u l l  - .412 











































n u l l -  .437 
TEST-48: H - 0.606 f t .  L - 58.7 f t .  Qa - 0.060 cfs 






























n u l l -  .526 
EST-49: H - 0.655 f t ,  L - 77.0 f t ,  Qa - 0.059 cfs 














































n u l l  - .556 













n u l l  - .604 
TEST-50: 














n u l l  - .491 
































n u l l  .394 
- .  
.51 
.53 
n u l l  - .445 


































n u l l  - -401 
TEST-51: $ - -0146 c fa  
(Cont'd) 
~ ( f t )  H-y(ft) T('c) 













n u l l  - .431 















n u l l  - .467 
TEST-52 (Continued): L - 80.0 f t .  Qa - 0.049 cfs ,  9,- 
















n u l l  - .429 















n u l l  .466 
















n u l l  - .371 
.0146 cfs 
TEST-53: E - 0.630 f t .  L  - 112.1 f t ,  Qa - 0.049 cfs ,  Q, - .0146 c f s  













































u u l l  - .445 
































n u l l  - .480 
TEST-54: E - 0.494 f t .  L  - 38.3 f t .  Qa - 0.049 cfs. 

















n u l l  - .400 
4, - .0146 c f s  















n u l l  - ,435 
TEST-55: B - 0.437 f t .  L -  18.6 f t ,  Q a -  0.048 cfs. 9- .0146 c f s  
x ( f t )  ~ - y ( f t )  TC'C) x ( f t )  ~ - y ( f t )  T('c) x ( f t )  a-y(ft) 
4. 0.00 28.45 
.05 30.40 












p u l l  - .329 













n u l l  - -362 
TEST-56: H - 0.433 f t .  L - 
x ( f t )  H-y(ft) T('c) 
















n u l l  - .296 
39.8 f t ,  Qa - 0.038 c f s ,  \ - .0146 d e  
=(et)  ~ - y ( f t )  TCOC) x ( f t )  8-y (f t )  
18.5 0.00 27.85 30.5 0.00 
.05 30.30 .05 
.10 31.05 .10 
.15 31.30 .15 
-20 31.35 .20 
.25 31.25 .25 
-28 30.80 .30 
.30 29.75 .33 
.32 27.80 .35 
.34 25.00 .37 
.36 22.30 .39 
.38 20.75 .41 
.40 19.50 .433 
.42 18.55 n u l l  o .370 
.433 17.55 
n u l l  0 .339 
TEST-57: H - 0.493 f t .  L - 76.0 f t ,  Qa - 0.038 c f s ,  \ 1 .0146 c f s  





















































n u l l  - .425 
TEST-58: H - 0.518 f t .  L - 97.3 f t  
~ ( f t )  a-y(f t )  T('c) 















n u l l  0 .311 
TEST-58 (Continued): Qa - 0.038 c f s .  \ * -0146 c f s  

















n u l l  - .396 
















n u l l  - -417 















n u l l  - .466 
TEST-59: B - 0.394 f t .  L - 22.0 f t .  Qa - 0.038 c f s ,  9y n .O146 c f r  
x ( f t )  x-y(f t )  TCOC) ~ ( f t )  B-p(ft) T(OC) ~ ( f t )  a-y(f t )  
EST-60: E$- 0.580 f t .  L - 32.1 f t ,  Qg - 0.034 c f s .  9y - ,0073 c f s  









































n u l l  - .I26 
TEST-60 (Continued) 















n u l l  - .091 
TEST-61: H - 0.650 f t ,  L - 36.8 f t  
~ ( r t )  a - ~ ( f t )  T(OC)  it) ~ - y ( f t )  T(OC) 

















n u l l  - .246 
=ST-6l (Continued): Qa - 0.042 c f s ,  9y - .0080 c f s  




















































n u l l  - .158 


















null - .241 
TEST-62 (Continued) 

















































null - .129 
TEST-63: H - 0.650 ft. L - 51.4 ft. Qa - 0.026 cfs, 95 - .0075 d s  
TEST-&3 (Continued) 
x(ft) H-y(ft) T('c) 


















































null - .133 
TEST-64 (Continued) : L - 48.8 ft. Qa - 0.027 cfs, g - .0081 cfr 

















null - -167 

























































null - .076 



















null - .151 

































null - .068 
TEST-67: B 0.526 f t ,  L - 3 . 5  f t ,  Qa - 0.028 c f s ,  (& 1 .W76 cfa 
TEST-67 (Continued) 
d f t )  B-y(ft) T('c) 































n u l l  - .I23 
TEST-68: H 0.527 f t ,  
















n u l l  - .087 
L 19.3 f t .  Qa - 0.036 c f s  
















n u l l  .088 
TEST-68: Q, 1 .0072 c f s  TEST-69: U - 0.498 f t ,  L = 23.8 f t .  Qa = 0.036 c f s  
(Cont'd) 
x ( f t )  ~ - y ( f t )  T(OC) ~ ( f t )  a-9.(ft) T('c) ~ ( f t )  x-p(ft) TC'C) 





























n u l l  - .099 
IEST-69- 9 ' -0070 c f s  TEST-70: H = 0.497 f t ,  L - 32.4 f t ,  Qa - 0.028 c f s  (cont 'd j  














n u l l  - .064 















n u l l  - .I16 













nu l l  - -074 
TEST-71: H - 0.499 f t  L - 16.0 f t .  Qa - 0.043 cfe % - .eon cis  
















n u l l  - .069 
=ST-72 (Continued) : L - 41.0 f t ,  Qa - 0.028 c f s ,  \ 
.0074 
















































n u l l  - .065 
TEST-'13: H - 0.503 f t ,  L - 24.0 f t ,  Qa - 0.035 cfe, & - .0085 cfe 


















null - .069 



































TEST-76: H = 0.552 ft. L a  55.8 ft. Q a -  0.028 cia, C& - .0080 cfs 



























null - .092 
TEST-76 (Continued) TEST-77: H 0.557 ft. L - 36.0 ft, Q a a  0.038 cfa 
-32 


















null - .I35 
EST-77 (Continued): Qy I . 
































n u l l -  .056 
































n u l l  - .074 









































n u l l  - . I24 



















n u l l  - . I61  
APPENDIX I1 
Trans la t ion  of 
FRICTION COEFFICIENTS ON THE INTERFACE OF A TWO-LAYER 
SYSTEM 
L i t e r a t u r e  Survey by C. B. Vreugdenhil 
De l f t  Hydraulics Laboratory 
I n t e r n a l  Information Report No. V204 
November 1971 
1. Statement of Problem 
I n  order  t o  make c a ~ c u l a t i o n s  f o r  a two-layer system a s  
discussed i n  re ference  1 7 ,  i t  is necessary t o  have information on t h e  
bottom shear  s t r e s s ,  t he  i n t e r f a c i a l  shear  s t r e s s ,  and i n  case one 
considers  mixing between the  l aye r s ,  i t  is a l s o  necessary t o  have 
information on the  turbulent  interchange and entrainment across  t h e  
i n t e r f a c e .  No c l e a r  conclusion concerning entrainment can be  made 
v from the  l i t e r a t u r e  known t o  t h i s  w r i t e r .  There is e s s e n t i a l l y  no 
d a t a  concerning turbulent  mixing. I n  the  f i r s t  approximation i t  can 
be assumed t h a t  the  bottom shear  is known. The most important 
remaining poin t  i s  then the i n t e r f a c i a l  shear ,  about which the re  a re  
a number of publ ica t ions .  This information r epor t  a t tempts  t o  draw 
a workable conclusion concerning i n t e r f a c i a l  shear  from these  
publ ica t ions .  
2. Data 
A review of the  ava i l ab le  l i t e r a t u r e  i s  given by L e p e t i t  and 
Rogan (9) and ~ j 8 b e r g  (14).  The l a t t e r  reference (14) a l s o  at tempts  
t o  f ind  c o r r e l a t i o n s  between the  i n t e r f a c i a l  f r i c t i o n  and the  parameters 
t h a t  i n f luence  i t ,  namely t h e  Reynolds number and t h e  Froude number. 
I n  o rde r  t o  accomplish t h i s ,  d a t a  were used from Macagno and Rouse ( l l ) ,  
Lofquis t  ( l o ) ,  and Michon, Goddet and Bonne f i l l e  (12). L e p e t i t  and 
Rogan (9)  mention t h a t  according t o  Averkiev and Kind (2) t h e  depend- 
ence of t h e  i n t e r f a c i a l  f r i c t i o n  c o e f f i c i e n t  on t h e  Reynolds number 
d i sappears  when t h e  Reynolds number is g r e a t e r  than  12,000. I n  
a d d i t i o n ,  some d a t a  were publ ished i n  Iwasaki  ( 6 ) .  
There is a l s o  d a t a  a v a i l a b l e  f o r  some s p e c i a l  c a se s ,  namely 
f o r  a  l ock  exchange flow (summarized by Abraham and Eysink (1) )  and f o r  
an a r r e s t e d  s a l t  wedge (Boulot and Daubert ( 3 ) ,  Ippen and Harleman (51, 
Keulegan (7), Lanzoni ( 8 ) ,  R idde l l  ( 13 ) ,  Z a n o t t i  (18) ,  Hendrikse (14 ) ) .  
3. I n t e r f a c i a l  F r i c t i o n  and F r i c t i o n  Coe f f i c i en t  
The parameter T r e p r e s e n t s  t h e  s h e a r  stress a s s o c i a t e d  wi th  i 
t h e  movement of t h e  two over ly ing  l a y e r s .  The r e l a t i v e  v e l o c i t y  of 
t h e  two l a y e r s  i s  U. For laminar  f low 
where u  i s  t h e  v e l o c i t y  a t  e l e v a t i o n  z ,  v is the  k inemat ic  v i s c o s i t y  
and p i s  t h e  dens i ty .  Thus, i t  i s  convenient t o  i n v e s t i g a t e  t h e  
propor t ' iona l i ty  
(See ~ j 6 b e r g  (14) ,  among o the r s . )  It may be  a n t i c i p a t e d  t h a t  t h i s  r a t i o  
i n  Equation 2  w i l l  be  u n i t y  f o r  laminar  f low and g r e a t e r  than  u n i t y  
otherwise.  Sjbberg has  found a  c o r r e l a t i o n  f o r  B .  
Unfor tuna te ly ,  a  c o e f f i c i e n t  such a s  B is  n o t  d i r e c t l y  u sab l e  
i n  c a l c u l a t i o n s  f o r  two-layer systems because t h e  v e l o c i t y  g r a d i e n t  
cannot be  determined. A use fu l  d e f i n i t i o n  f o r  a  f r i c t i o n  c o e f f i c i e n t  k i 
f o r  t u rbu len t  flow i s  (17) 
A d i r e c t  r e l a t i o n s h i p  between k and B cannot be given. I f  t h e  v e l o c i t y  i 
grad ien t  i s  approximated by 
where h i s  a  c h a r a c t e r i s t i c  d i s t ance  over which t h e  v e l o c i t y  d i f f e r ence  
U e x i s t s  , then 
-I 
With the  d e f i n i t i o n  of t h e  Reynolds number a s  
Uh Re = - 
v 
then 
Furthermore, according t o  t h e  d a t a ,  t h e r e  is  an inf luence  of 
t he  Froude number, which is  defined a s  
where Ap i s  a  c h a r a c t e r i s t i c  dens i ty  d i f f e r ence .  
It may be a n t i c i p a t e d  f o r  laminar flow t h a t  (4) 
(small  Re) 
whi le  f o r  t u r b u l e n t  flow the  i n f luence  of t h e  Reynolds number w i l l  
d i sappear  s o  t h a t  
ki = f (F)  ( l a r g e  Re) (10) 
The purpose of t h i s  information r e p o r t  i s  t o  f i n d  t h e s e  r e l a t i o n s h i p s  
from l i t e r a t u r e  da t a .  For p r a c t i c a l  a p p l i c a t i o n  i n  t h e  f i e l d ,  Equation 
1 0  w i l l  b e  t h e  most important r e l a t i o n s h i p ;  f o r  model measurements 
t h e  t r a n s i t i o n  between Equations 9  and 10  w i l l  be  important .  
The d e f i n i t i o n s  used by t h e  va r ious  au tho r s  a r e  given i n  
t h e  f i g u r e s .  The numerical va lues  from t h e  measurements a r e  no t  
comparable because of t h e  use of d i f f e r e n t  d e f i n i t i o n s  and because of 
measurements i n  d i s s i m i l a r  s i t u a t i o n s .  Even s o ,  i t  may be  a n t i c i p a t e d  
t h a t  t h e r e  is  a  d e f i n i t e  s i m i l a r i t y  between t h e  va r ious  measurements. 
Discussion 
Figures  1 through 4 show t h e  r e s u l t s  of Iwasaki ( 6 ) ,  
Lofqu i s t  ( l o ) ,  Macagno and Rouse ( l l ) ,  and Michon, Goddett and Bonne f i l l e  
2  (12) p l o t t e d  wi th  ReF a s  t h e  independent v a r i a b l e .  This  combination 
3 R ~ F ~  = U /gv i s  app rop r i a t e ly  c a l l e d  t h e  Keulegan number. Iwasaki ' s  
r e s u l t s  a r e  a v a i l a b l e  only i n  t h i s  form. According t o  Equation 9 ,  
t h e  fo l lowing  r e l a t i o n s h i p  i s  a n t i c i p a t e d  f o r  smal l  cons tan t  F  
2  -I kitd (ReF ) 
A few s i m i l a r  l i n e s  have been sketched f o r  o r i e n t a t i o n  purposes;  t h e s e  
l i n e s  do n o t  fol low d i r e c t l y  from t h e  measurements. The l i n e  given by 
Iwasaki has  a  s l i g h t l y  d i f f e r e n t  s lope .  The r e l a t i o n s h i p  given by 
2  him, however, probably i s  n o t  v a l i d  f o r  l a r g e  va lues  of ReF , 
cons ider ing  Equation 10. Moreover, i t  i s  noteworthy t h a t  t h e  Froude 
number appears t o  have no inf luence .  This cannot be  explained without  
knowledge of t h e  measurements; i t  is  poss ib l e  t h a t  t h e r e  was l i t t l e  
v a r i a t i o n  i n  F o r  t h a t  t h e r e  was a c o r r e l a t i o n  between Re and F. For 
l a r g e  va lues  of R ~ F ~ ,  h o r i z o n t a l  l i n e s  f o r  constant  F a r e  a n t i c i p a t e d  
(Fig. 4 ) .  However, i t  becomes ev ident  t h a t  from these  da t a  a 
r e l a t i o n s h i p  wi th  t h e  parameters F and R ~ F ~  can hard ly  b e  e s t ab l i shed .  
Valembo'is (16) g ives  an ana lys i s  of t h e  d a t a  of Lofquis t ,  on 
t h e  basis .  of which a r e l a t i o n s h i p  of ki with Re and F follows. One 
means of ob ta in ing  t h i s  r e s u l t  is by represent ing  a s  turbulen t  
d i f f u s i o n  t h e  entrainment v e l o c i t y  (advect ive t r a n s p o r t  through the  
i n t e r f a c e )  which has  been measured by Lofquist .  This is d e f i n i t e l y  
a quest ionable approach s i n c e  entrainment and d i f f u s i o n  a r e  two d i s t i n c t  
phenomena. Squarer (15) found f o r  small  va lues  of R e  t h a t  Valembois' 
r e l a t i o n s h i p  gave values f o r  k which were much too  l a r g e  i n  comparison i 
wi th  the  t h e o r e t i c a l  r e l a t i o n s h i p  of Ippen and Harleman (5) ( s ee  
f i g u r e  8) ;  he found t h e  same t o  be t r u e  when t h e  hydraul ic '  r ad ius  was 
used in s t ead  of t h e  water  depth i n  t h e  d e f i n i t i o n  of t h e  parameters.  
On t h e  b a s i s  of Equation 10,  an attempt is made i n  f i g u r e s  
5 through 7 t o  f i n d  a r e l a t i o n s h i p  between k and t h e  Froude number. i 
I n  these  f i g u r e s  Re appears a s  a parameter. Espec ia l ly  f o r  t h e  l a r g e r  
va lues  of Re, an unambiguous r e l a t i o n s h i p  could be expected, according 
t o  Equation 10. This appears t o  be t r u e  only f o r  t h e  t e s t s  i n  t h e  
flume a t  Ventavon ( f i g u r e  7).  This a c t u a l l y  has  another cause, a s  
i nd ica t ed  a l s o  i n  re ference  12: I n  t h e  case of e s s e n t i a l l y  uniform 
flow ( th ickness  of t he  lower l a y e r  approximately cons tan t )  t h e  
equat ion  of motion becomes ( see  (17) ,  Equation 6.3.20) 
where a  and a a r e  the th icknesses  of t he  upper and lower l a y e r s .  With 1 2 
E = A p / p ,  Equation 11 can be r e w r i t t e n  a s  
This  r e l a t i o n s h i p  i s  a l s o  seen i n  f i g u r e  7 .  This i s  apparent ly  a  
r e s u l t  of t he  s p e c i a l  circumstances of t h e  experiments and i s  of no 
va lue  f o r  o t h e r  cases.  
Figure 8 g ives  a  f i n a l  summary of t h e  t h e o r e t i c a l  and 
experimental  r e s u l t s  f o r  t he  a r r e s t e d  s a l t  wedge according t o  R idde l l  
(13) ,  Ippen and Harleman (5), Hendrikse (4 )  , Lanzoni ( 8 ) ,  Zano t t i  (18) , 
Boulot and Daubert (3) and Keulegan (7) .  The k va lues  f o r  t he  i 
experiments of Riddel l  were determined through a comparison wi th  t h e  
t h e o r e t i c a l  form of the  a r r e s t e d  s a l t  wedge (17).  The value of F is  
no t  i nd ica t ed .  It appears t h a t  the  t h e o r e t i c a l  r e l a t i o n s h i p  of Ippen 
t 
and Harleman 
4 f o r  Re l e s s  than 10 agrees reasonably w e l l  wi th  the  var ious  measurements. 
The experiments of Lanzoni agree  w e l l  i n  the  ind ica t ed  domain wi th  the  
r e l a t i o n s h i p  which he  defined ( see  f i g u r e  8 ) ;  a c t u a l l y  i t  i s  probable 
t h a t  t h i s  cannot be ex t rapola ted .  For l a r g e  va lues  of Re, i t  appears 
t h a t  a  more nea r ly  constant  value of k w i l l  a r i s e .  The number of i 
measurements i s  i n s u f f i c i e n t  i n  order  t o  be a b l e  t o  c l e a r l y  de f ine  a  
poss ib l e  r e l a t i o n s h i p  wi th  F. 
Figure 8 a l s o  present  t h e  r e s u l t s  of flume experiments f o r  
lock  exchange flow a t  t he  De l f t  Hydraulics Laboratory (1). Although 
these  da ta ,  s t r i c t l y  speaking, apply t o  a  d i f f e r e n t  s i t u a t i o n  and thus 
a r e  no t  comparable, they a r e  i n  good agreement with t h e  genera l  representa-  
t i o n  i n  f i g u r e  8. 
5. Conclusions 
1. From t h e  a v a i l a b l e  d a t a  i n  t he  l i t e r a t u r e  i t  i s  no t  poss ib l e  t o  
de f ine  a  d e f i n i t e  r e l a t i o n s h i p  between the  f r i c t i o n  c o e f f i c i e n t  k i 
P and the  Reynolds number Re and Froude number F. 
2. Only vague ind ica t ions  can be found f o r  t h e  t h e o r e t i c a l  p red ic t ions  
expressed i n  Equations 9 and 10. 
3. For t h e  case of an a r r e s t e d  s a l t  wedge, it appears t h a t  a  r e l a t i o n -  
s h i p  e x i s t s  between k and Re. For l a r g e  va lues  of Re t h e r e  is  i 
probably a l s o  a  dependence on F, bu t  t h i s  cannot be demonstrated 
because of l imi t ed  measurements. 
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